Hamiltonian Theory of the General
Rational Isomonodromic Deformation Problem

(Workshop on integrable & near-integrable Hamiltonian PDE’s,
Fields Institute, Toronto, May 17-21, 2004)

I. Rational isomonodromic deformations

Rational covariant derivative operator on over CP!:
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(Assume also leading term singularity spectrum is simple.)
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Fundamental system



Formal asymptotics, generalized monodromy data:

1. Monodromy representation:
M 7 (CP' /{0, a1,...an}) — Sl(n,C)
M v M = M ()
v W= WM (y)
2. Stokes matrices (irregular singular points)
U, ivi(z) =¥.(2)Srj, x~ap, j=1,...2d,
3. Connection matrices

CZ\POO*_’\IJr

4. Local formal asymptotics:

U, ~ Yo(2)el"®, r=0,...n
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Deformations preserving generalized monodromy
Question: Allowing {a.,t7;} to vary, what are the most general
differentiable deformations in A(x) that preserve {M,, Sy;, T }?
Answer: (Schlesinger (1905) - Jimbo, Miwa, Ueno (1981)) The
necessary and sufficient condition is the compatibility of the

overdetermined system:
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Equivalently,
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Compatibility (“zero—curvature”) condition:

a0+ = [Q Q] 0



Isomonodromic tau function

Define a 1-form on the space of deformation parameters {a, ¢y}

n d, m
wi= Y (S: Cdt® R+ da,,.hr>

_7:0 r=1a=1

where

Y, OT.
hy; = res tr (Y_la 0 )

T=q, " Ox 8tgj

h, := res tr <Y_1 oY, aTT)

r=a, " Oz Oa,
If the zero curvature equations are satisfied, this is a closed
1—form ([JMU, 1981]):
dw =20

Therefore, there exists, at least locally, a function 7/™ deter-

mined up to a parameter independent normalization factor by:
dln(r™) = w.

(Actually, 7™ is globally defined, away from collision
points of the poles and resonances, as a section of a line bun-

dle, and is holomorphic where defined [Miwa, 1981].)



2. Examples

1. “Schlesinger equations” (Fuchsian systems): all d,. =0, dg =0

" A A
A — " er- —_ — L
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aA’I" — [AT7 AS] r # S,

IM
Moreover h, = mna(;r ) = %resx:ar tl“(A2(93))|int

In particular, for m =2, n=3,set a1 =0, ag =1, ag =1
and eigenvalues(A,) = +60,, A. = (980 _g ),
this reduces to Painlevé Pyr:

du_1(1 1 1\ (du)’
a2 2 \u u—-1 wu-—t dt

1+ 1 N 1 du
t t—1 u—t/) dt

u(u —1)(u —t) t t—1 t(t—1)
2 1) (O‘+5u2”(u—1)2+5(u—t)2 ’
where
_ 1o g 1y 1 o 1o 1
a—(9w+2), 0= 261, 7—292, 0 = 293+2.



Hamiltonian structure of Schlesinger equations

Lie Poisson structure on [s[*(m, C)|"

(A1,...,A,) € [s*(m, C)"

i gk = Z“( [&4 zij

Commutative Hamiltonians (non-autonomous):

“time variables” = location of poles {a, }
1
H, := 5 Jes tr(A?(z)),

{H., H} =0, 7r,s=1,...,n

Hamiltonian vector field:

Ay
Xu,(A) ={A(z), H,} = [, 4], Q= r—a
Total “derivative”:
)N(Hr = XHT -+ X?,
59
X0 .= : “explicit derivative’
Oay,
Since p 90
X (A) = - e
r(A) (x — )2 Oz’
Hamilton’s equations = Schlesinger = zero curvature:
0A o012
={4,H.} + X (4) =[Q,, A -
o = (A H )+ XO(A) = [0, A]+




2. Second order pole at oo: all d, =0,dy =1
[JMU (1981), JH (1994)]
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7 function and Hamiltonians:

dIn(r Zh domqu dt,

hr — HrlInt7 ka — KaIInt

where
1
H, = 5 e res trA2
1
Ko := < res res tr (A(z)(Tp — yI)~* — )2
r=00 Yy=t,



3. General case

Poisson structure: Rational R-matrix structure
{A(E) 2 A(y)} == [r(z —y), A(z) @ T+1I® A(y)].

where A(z), A(y) € End(C™)

P
r(r—y) := . —12a € End(C™®@C™), Pi2(u®v):=vQ®u

(Equivalent to &7, [5[‘17" (m, C)} *)
{A(z)} C (Lsl(m,C)*)p = sl (m,C) © sl (m,C)

Classical split, rational R-matrix: R := %PJr — P_

X, Y] =[RX, Y]+ [X, RY]=[X,, V3] - [X_, Y]
Xy =Py (X), Yy:=Py(Y), (Py=projectors)

Casimir invariants: {t7; a,} (centre of Poisson algebra)
Spectral curve: det(yI — A(z)) = 0 (M-sheeted branched
cover of CP1).

Hamiltonian vector field for: h € Z (Lsl(m,C)) (spectral

invariant)



Theorem 1.

1) 62, = resy, (sman ( — @,V lydz, j=1,...d,

IM . .
2) hy; = ——algtgj = T€Sy, (g=a,)(T — o) Jydz, j=1,...d,

IM .
hy = 813; = resy, (z=a,)(T—ar) Jydz = 3 res;—q, trA*(z)

3) Q?j — (5h?j)73

0827

Q. = (6hy)p, .

)

Xo, (4) = G

Theorem 2.

Trace formula:  hf, = H ,E”j|1nt where

1 B .
H% == res res (x—a,) (drHitly
J 2 r=a, y=t®

T.’d’f’

dr~+j 1
x> o ([ = e Aw@) = T (T — D)7
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