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Outline

| Photonic  microstructures and their optical
properties

Il The scattering resonance problem for Schrodinger
equation (scalar Helmholtz approx)

[l Multiple scale analysis for class of microstructures

numerical method, comparison of asymptotics and
DNS (H.‘:,\w, ovder kOMOJ'u.'z‘h'.“ )
IV Rigorous theory for high contrast microstructures
( large amplitude and oscillatory potentials)
preconditioned Lippman-Schwinger equation
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Microstructure enables control
of optical properties of medium

Photonic bandgap (PBG) effect, Bragg resonance,

Dispersive v. nonlinear effects

3D PBG Bulk Bragg grating Photonic crystal

fiber

Transverse and/or Longitudinal
Microstructure
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Fig. 1(c)

Eggleton et al.
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Photonic microstructures - composite media whose
optical properties can be tuned through:

e variations of distribution of microfeatures
e variations of geometry of individual microfeatures

e variations in refractive index contrasts

e.g. air-glass - 50%

Application potential:
Communications — tunable devices, transmission media

Quantum information science — Cavity QED



Optical properties
Modes: E,,(x)e!(Bw)z—wt) 3 — B(w)

E(x ,z,t) ~ /ei(ﬁ(w)z'—wt) E,(x)) dw
~ ei(ﬂ(wo)z—wot)

energy prop. spre;ding

e Group velocity ~ ' (wp) ™!

. . | ~ o dup. ot
e Dispersion ~ (" (wp) (wes &rk:&)'

e Leakage rates (scattering resonances)

~ SB(wo) >0
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II. Mode! Problem (u'uunh)
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“Modes” propagating in Z direction

E(x,t) = [E1(x1) + elon(x1)2] P9 5.6 ¢

Transverse E field components (Maxwell's eqns):

(A_L+k2n2(xl)—,62) e, = Ve,
Vlé’_]_ = —6_1_(5_1_-§_|_1nn2)
AL =V2

Scalar Helmholtz approximation

(AL +E°n%(x1) ) =B

B

R w = ck
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Microstructure waveguide

n(x) = n(xy) = n(z,zs),ref. ind.

X1 + 2z3, 2=(0,0,1)

X

C.g. jla;s (n~1.5)
Al v (h“rvl.O)
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Formulation as a Schrodinger equation

(A +Kn2@) ) p(2) = o) (z=z1)

Define potential, V(z), and energy, E

V(z) = ¥*(n2-n’(z)), E = k’n -3

n(z) = ng for |z| > R.

—> Hp = (-A+V)p =FEyp
V:V"o
(‘ o
@ =0
& ®
@ O @
@ 7
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Loss mechanisms - diffraction vs. tunneling
radiation condition at infinity

dv #f;n.c\\'m

‘f‘Unm\;nJ

Voo &

\/ O ) oeronye

(1]

Scattering Resonance Problem (SRP)

He = (-A + V)p = Eop

@ outgoing as |z| — oo

8! foun, Covdlibrn ok a9 (s M-u(f—o.el,'ovu—!- 8
= E Complex
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Outgoing radiation condition

—A‘P - E‘Pa lml ZR*

+o0
o = Z cl(l) e'? H,(l)(\/_ﬁj r) + cl(z) e M0 H,(z)(VE' r)
. ~ o h—v~
l=—00 outgoing incoming

@ outgoing at infinity <= 01(2) = 0 for all 1

Alternative characterization:

¢ = (-A- E)__'_lp, p localized

outgoing Green's fn

(-A-EB){
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Scattering resonance problem (SRP) -
general remarks

He = (-A + V)p = Eog

@ outgoing as |x| = oo

e Outgoing boundary condition at infinity is non-selfadjoint-
eigenvalues, £ are complex

¢ SE = —<6? determines the leakage rate: e‘(gz"‘"t)Ew

® Resonance modes, ¢, grow exponentially as £ — oo
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Multiple scales / Homogenization
Expansion

Hp = (-A+4+V)p = Ep

 outgoing as |z| = oo

e

Multiscale potentials : V(r,0, N8) = V(r,6,0)

View ¢ as depending on slow (7, 8) and fast (IN @) variables

o(r,6;N) = M(r,0,0), © = N§

1
( Arag + ';'2'63) ¢ + Vo =Fp
PEEN
1
( Aag + ;-2-(69 + N8e)? ) ™ 4+ v(r,6,0)0"N

= E®W)
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Seek an asymptotic N ! expansion of solutions of the SRP

1 1 1 1
o™ = @ —& —& —& —&
0+N 1+N2 2+N3 3+N4 4 +

E(N)

1 1
0+N 1+N2 2 +

Hierarchy of equations of the form:

1
;Eagcbi = Gj(r,6,0), @;outgoing

Gj(r, 9, @; (I’o, caey Qj——l, Eo, c ey Ej-]) (1)

Solvability condition:

2n
G(r,0,0)dO® = 0

==

Nonstiff Inhomogeneous PDE with outgoing BC at co

p— e $hciet numen ced metto d
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Homogenization Expansion for N-fold symmetric structures:

&) a &, (r,0) n 1 Py(r, 6, NO)
E(N) E,, N?2 E,

\ - >4 L >

N . N R
average theory microstructure correction

1
M E

o &,,(r,0), E,, is a scattering resonance of the averaged
Hamiltonian: (km.,u:uh‘».\

H,, = —A + V,(r)
2

Va(r) = (27)7" V(r,©) de
0

o &y(r,0, NO), E, - 1% microstructure correction
There is no N~ correction.

(Hgv- Env) é‘v =0

(M €) 8, = {E,* &\'a [Ver0,) -\ o]
P

+ B
amn
} (r)8)
(l“ 18

¢, ovtgong =5 E,
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V(r,NO) and V,(r)

'.....“o - i

V_av (microns’~2)
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V(r, N0) and V,(r)

V.av

21
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Numerical Computations and
Comparisons

e Averaged theory (classical homogenization) ®,,(r, 0), Ea,
e Higher (2") order homogenization theory
q)av(ra 9) + FIQ'QZ(T: 07 Ne)a Ea.v + TVLQ'EZ

® "Exact theory” (DNS - Fourier, Multipole methods)

15 4

~

3 5.

>

0

o 05 1 15 2 25 3

Radius (microns)
Vav(7)
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Comparisons of computed attenuation rates ~ Imag E T p

xxx = DNS / “Exact Theory"

solid curve = 219 order homogenization

dashed curve = Zeroth order homogenization (average theory)

112 14 16 18 2
1=0.90; N=6

f=0.80; N=3 =0.90; N=3 =1.00

Attenuation (dB/mm)
2

3

3

T T T T T T
1 1.2 14 16 18 2

Free space wavelength (microns)

Convergence for: % <I

(fixed N, A 1) and (fixed A, N 1)
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V_av {microns”-2}
» -

3
Radius (microns)

N=6 Vav(7)
Average theory 2nd Order Homogenization DNS - “Exact”
Loss Rate 0.92 dB/cm 14 dB/cm 16 dB/cm
fr ‘P
S colur Vecher

DNS - Mcﬂ‘\@l’w et. oL,
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144

Comparison of results for the first two leaky modes

0tP Order Homogenization 2"% Order Homogenization Fourier
mode Noff atten. Noff atten. Naff atten.
LPo1 1.3712+0.00003874 1.36 1.3727+0.00006441 2.27 1.365+0.0000714 2.48
LP11 1.2468+0.0004361 15.3 1.2515+40.000832: 29.3 1.2554-0.00075i 27

Dependence on detailed microstructure:

e Extreme sensitivity of Imag E

4veraged potential gives large underestimation of attenuation rates.

Tunneling + Diffraction # Effective Tunneling, V,,

® Insensitivity of Real F

Averaged potential yields good approximation to Real E

— e A/d>3/2

bnS - \o\p&..?) ed, b
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Analytical Theory —

e Validity of homogenization expansion for N — fold symmetric
structures, V' (r, N@) provided

1 1
N (avg index contrast) - C,(geometry) < e,

e Error bounds for numerical method:

—-2—-7
E - Eapproxa ¥ — Papprox N

T > 0 dependent on “smoothness” properties of Vinicro

® Theory (== general expansion) applies to high contrast
microstructures

Vimicro = V(z) — Vi, (z) pointwise large

e Based on intrinsic measure of size of a microstructure
perturbation: ||| Vi ||| =
procedure to numerically compute properties of microstructure
{perturbations of V,v (homogenized effective medium) when
there’s no explicit parameter like N !

p

26
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SRP(V) (I + TR(lﬂ-)Tv) ¥ =0, ¥elL?

Perturbation Theorem:

Assume SRP(Vj) has a solution W, Eg and consider SRP(VH + Vinicro)
where Viicro is @ microstructure (oscillatory) perturbation which is high
contrast (pointwise large).

— -1 -1
If 1 Vicro |l = I (D) Vmicro(D) ||L2—)L2

is sufficiently small, then

SRP (Vo + Vicro) has a solution: W (Vp + Vinicro), E(V + Vinicro) With

¥(Vo + Viicro) — %o - ‘S‘I’(Vmicro)a
E(W + Viicro) — Eo = ‘SE(Vmicro)
analytic (convergent power series) in the norm: ||| Vinicro .

Special case: If np,icro = Nmicro(7; N8), then ||| Viyicro ||| ~ AN
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A simple exercise in Fourier analysis
(V ~ e, (D)~ |D|™)

f — eN%f has L? norm 1, BUT

f (D) 'eN(D)~! f has L% norm ~ %
IDEA: Use the operator (D) as a “preconditioner”
f(8). a 2 periodic function with Fourier series £(8) = 3°,,, f(m)ei™®.
Let (a) = (1+|a|2)%

Dy lr= a-ah Y = f(m) ™
f(m) Hm+N)8

1
(m)
1
(m)

il

2
m
eiﬁ\’?o(D)—lf = Z
m
2.
m

(m+N)( )

Compute L2 norm:

Dy NDy ), = \/; - +;>2<m)2 |f(m)|2

1 -
~ < ‘/51_; |F(m)|2

1
~N "f"L2
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(I-r T&()A\TV)'P:O

Estimates

Estimate (A):

TV, i.ro 18 sSmall in norm for large amplitude and oscillatory Viicro
ST

(high contrast microstructures)

For Viicro ~ micro(ra N9)
VI~ (D)™ Vasiero(DY ™ [l2,,2 < C N7

37
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Summary

e Higher order homogenization / effective medium approach
to scattering resonances
e Numerical method |
efficient - “stiffness” due large range of scales removed WK
analytically
accurate - microstructure corrections are necessary for accurate
computation of key spectral characteristics ( Zwys )
due to very sensitive dependence on detailed microstructures
® Analytic theory - error bounds on approximation via
preconditioned Lippman-Schwinger equation

Vmicro - micro('r, NO) —

2m\? 1
(;) N (avg index contrast) C.(geometry) < e.

l.v\*":*s\'c. PMMtkr (” V,W;‘_” “\

&uud. wamert el AL g o

- SE(” -iSE:w" = O(‘ku—z) , TP

N 39
e dbp?md.g o Vﬁsv\w;% ‘2 \/wu'(,a,



