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| T‘he Envelope Approximation
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Multiple Scales Ansatz of the form

- E =+/e (E+(ez, et)e'*B*=wBY 4 E_(ez, et)e”i(k32+w3t)>

+ O(e*?) + c.c.
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Nonlinear Coupled Mode Equations (NLCME)

i +ico +T(|EL >+ 2|E_2)E; =0
E_ E_
OF- _ i +kE; +T(|E_|1> +2|EL|>)E- =0

oT 0Z
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 Theorem: There exists €9 > 0 such that for any Ty > 0 and any
0 < e < g, the solution with H?3 initial data is well approximated
by a solution of NLCME in the sense that for all t € [0, /<] the
following estimate holds:

” ( ENLCME) < C'(To;yw‘o, u, n)e .

NLCME

H1

Nonlinear Coupled Mode Equations - NLCME

i (8 +vg0z) E4 + KE_ + T(|E1|* + 2|E_|*)E4 = 0
i (O —vgdz) E— + kEy + T(|E_|?> + 2|EL|)E_ =0

(ENLCME) _
PNLOME

Ve (E+(Z, T)eiv(sz-wBt) +E_ (2, T)e'“’i("’Bz“*wBt) ) ( 1 )

+complex conjugate



Eventual steepening and break up

Electric Field Envelope
t=0
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Brezckdown of the theorem due to phase drift
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Is there a theorem on validity for longer times

(0(e72)??) in weaker norms (coarse-graining)?




Linear Theory—Spectral Gap (Leme:

Plane waves of form:
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Trapping Gap Solitons

Introduce defects to Bragg grating

Modified NLCME
iOrEy +i0zE + K(Z)E_ + V(Z)E4 +T(|E4|* + 2|E_|)E; = 0
i07E_ —i0zE_ + K(Z)Ey + V(Z2)E- + T(|E_|? + 2|E4|)E_ =0

We may construct £(Z) and V(Z) and standing wave
solutions of the form:

()= ()

In the linear case I' = 0, for any Q € (—kKoo, Koo).
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Case I: Reflection and Transmission

v< vt

v > v*
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Case Il: Capture

v < v*
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Gap soliton and defect mode families

Gap soliton (v = 0)

bifurcate from continuous spectrum band edge at
Itot =0

frequency: w = Koo COS O

L? norm: I;o; = 46/3, 0 < 6 < 7.

Nonlinear defect modes:

bifurcate from linear eigenvalue 2 at /;,; = 0
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RHG, FTH,
-

Nonlinear Schrodinger Equation (NLS)
with J-function defect

A canonical model for wave-defect interaction

, 1
iup + 5 las + |ul?u + v8(z)u = 0.
Attractive features:

e NLS well studied and describes low-amplitude limit
of NLCME equations.

o Solitons dependent on two parameters, n and V.

u = 7 sech(n(z — Vt))ei(v‘”‘*“%(”z“vz)t)

e Closed form nonlinear defect modes a > 7:

u(x,t) = ae®’t/2 gech (a|z| + tanh™* -g-) ¥

14



Numerical Simulations of NLS

Reproduce NLCME behavior, i.e.  capture when
resonance exists between zero-velocity solitons and
nonlinear defect mode.

Resonant

Nonresonant

Amplitude

1

P20

Frequency

Soliton Frequency —n?%/2

15



Collective Coordinate Analysis

Study a reduced system that captures the dynamics
Procedure

e Assume solution takes the form Soliton +
DefectMode where each depends on a few time-
dependent parameters:

Need.

. dz
u =nsech(nx + Z )e’(v‘”"d’) d;,z;.

+ asech (a|z| + tanh ™! %)e‘w’“i‘?&

e Insert ansatz into the Lagrangian functional of the
NLS system: |

1
L= / —(u ut—uut)——lum|2+ lu|* 75 (z) |u|*dz.

16



e This yields:

: . S | 1
Leg = 2np—27 V+2(a—'y)(qb+?,b)+-3—773-V27)+§a3+

yn? sech® Z + 2ynv/ a? — 2 sech Z cos v

e Derive Euler-Lagrange equations for the evolution
of the parameters

e Lagrangian independent of ¢ implies conserved total
intensity C = 1 + a, allows us to reduce from 6
equations to 4.

e This can be rewritten as a Hamiltonian system

1 1
H = —3 S+ V2 — §a3 — yn?sech? Z

— 29n+v/a? — v2sech Z cos

17
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Figure 3.2: Capture, reflection and transmission of sine-Gordon kinks for the
two-mode ODE model (2.11) of [6] with ¢ = 0.5. V; and V; denote final and
initial kink velocities. Compare with Figure 3.1. {£ig:0DEvE_vi.eps}

n I i
o172 0.174 0T

captured unless the velocity lies in certain reflection windows, with no evidence
of transmission windows. There was rare evidence of transmission for subcritical
velocities [12]. Fei et al. suggest a semi-heuristic formula for predicting the
resonant velocities of the reflection windows, and their formula could easily
be adapted to predict the transmission windows as well. Our simulations of
equations (2.11) do not show any trapping for all time, and indeed, through
study of (2.11) as a dynamical system, we show that the set of initial conditions
that lead to trapping is nonempty but of measure zero.

4 Dynamical systems analysis

{sec:dynsys}
We modify Equation (2.11) by inserting a small coupling parameter 0 < p < 1
in order to facilitate our analysis:

z . ‘3""@ w PC\‘\.“ 8% + U'(X) + paF'(X) = 0; 1)
0= JQ“’!(“’ mode i+ 0+ LF(X) =0. (4.1b)

. We will perform perturbation theory for small & and also consider the limiting
w '\ h(h. case i = 1 of Equation (2.11). It will be convenient to rewrite Equations {4.1)
in Hamiltonian form with momentum variables:

{eq:mumodel}

aL ., dL 2,
px = --5-:"?—'1 = 8X, Pa = 3}’?‘ = -ga§ (4.2) {eq:momenta}
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Figure 6.1: Output velocity V; vs. input velocity V; in the presence of radiation
induced damping, with ¢ = 0.5, I' = 16. The behavior is simplified in comparison
with Figure 3.2: below critical velocity, solutions may be captured, reflected, or
transmitted, but the sensitivity to initial conditions is decreased. For smaller
values of I, more reflection and transmission bands survive. {£ig:nldamp_vi_vi}

where I > 0.

In Figure 6.1 we show the analog of Figure 3.2 with the nonlinear damping
of (6.5b) active with ¢ = 0.5 and I = 16. In the presence of damping, the output
velocity is a much less sensitively dependent function of the input velocity than
in the case without damping. In this case, below the critical velocity v., almost
all trajectories are captured, except for a few intervals, almost all of which lead
to reflection, as in Figure 3.1.

The incorporation of radiation damping effects present in the full dynamical
system “smoothes out” the dynamics; many reflection resonance bands and
most transmission bands appear to be eliminated. For smaller I' values, more
reflection and trapsmission bands survive. For all I' > 0, trapping occurs on
initial data sets of positive measure, since the flow of (6.5) is volume-contracting.

7 Ceaclusions

{sec:concl}
In this study we have examined a model of kink-defect interactions in the sine-
Gordon equations. We use the model’s Hamiltonian structure to give a rather
complete characterization of the dynamics. We demonstrate that a soliton prop-
agating toward a defect may oscillate around the defect any integer number of
times before being ejected, either in the original direction or in the opposite
direction, and propagating off to infinity, leaving some of its energy in the s-
tationary defect mode. This behavior is governed by phase-space transport in

23
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