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Computer Science
“N e v e r  t r u s t  a  s c i e n t i f i c  d i s c i p l i n e  t h a t  f e e l s  t h e  n e e d  t o  
p u t  t h e  w o r d  S c i e n c e  i n  i t s  n a m e . ”
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Computer Science &  M a th ema tics
“N e v e r  t r u s t  a  s c i e n t i f i c  d i s c i p l i n e  t h a t  f e e l s  t h e  n e e d  t o  
p u t  t h e  w o r d  S c i e n c e  i n  i t s  n a m e . ”

• S i n ce  co m p u t e r s a r e  so  co m m o n ,  t h e  m y st e r y  o f  
h o w  t o  u se  a n d  p r o g r a m  co m p u t e r s i s g o n e .

• Q : W h a t  t h e n ,  i f  a n y t h i n g ,  d o e s t h e  f i e l d  o f  
C o m p u t e r  S ci e n ce  h a v e  t o  o f f e r  t h e  w o r l d ?

• A : T h e  a b i l i t y  t o  a p p l y  a  w i d e  v a r i e t y  o f  
m a t h e m a t i ca l  a n d  st a t i st i ca l  r e su l t s t o  d e si g n i n g  
b e t t e r  co m p u t e r  a l g o r i t h m s.
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Q u estion s Math/ S tats can  an sw er
• So me  ab s t r act  mat h e mat i cal  p r o b l e ms :

– W h a t  i s t h e  kth F i b o n n a cci n u m b e r ?
– W h a t  i s t h e  so l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n :

– W h a t  i s t h e  e x p e ct e d  g a p  b e t w e e n  t w o  r a n d o m  
p o i n t s i n  t h e  u n i t  i n t e r v a l ?

• Wh o  car e s  ab o ut  t h e i r  an s w e r s ?
C o mp ut e r  Sci e n t i s t s  d o !
I ’ l l  s h o w  y o u w h y .

+−+=+ )])(()([    )1( l
l

ll ctxtptp γ



Fields Grad School Info Day 2003 T he M at hem at ics of C om p u t er Science

G oog l e
• Q :  H o w  d o e s  G o o g l e  w o r k ?
A :  A l mo s t  n o b o d y  k n o w s .
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G oog l e
• Q :  H o w  d o e s  G o o g l e  w o r k ?
A :  A l mo s t  n o b o d y  k n o w s .

• Q :  Wh at  w as  t h e  b as i c i d e a o f  h o w
G o o g l e  us e d  t o  w o r k ?

• A :  F i l t e r  q ue r i e s  b y  t e xt  mat ch i n g  i n  cr aw l e d  
p ag e s ,  an d  r an k  r e s ul t s  us i n g  t h e  “ r an d o m 
s ur f e r ”  mo d e l . (P ag e R an k )
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G oog l e’ s R an d om S u r fer
• I mag i n e  r e p e at i n g  t h i s  p r o ce d ur e :

– W h a t e v e r  w e b  p a g e  y o u  a r e  o n ,  w i t h  p r o b a b i l i t y  
( 1 -c) f o l l o w  a  r a n d o m  o u t g o i n g  l i n k.
W i t h  p r o b a b i l i t y  c,  t e l e p o r t  t o  a  co m p l e t e l y  
r a n d o m  p a g e ,  u n i f o r m l y  o v e r  t h e  w h o l e  w e b .
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G oog l e’ s R an d om S u r fer
• W h a t e v e r  w e b  p a g e  y o u  a r e  o n ,  
w i t h  p r o b a b i l i t y  ( 1 -c) f o l l o w  a  r a n d o m  
o u t g o i n g  l i n k .  W i t h  p r o b a b i l i t y  c,  t e l e p o r t  
t o  a  co m p l e t e l y  r a n d o m  p a g e ,  u n i f o r m l y  
o v e r  t h e  w h o l e  w e b .

• N o w  as k :  w h at  f r act i o n  o f  t h e  t i me  d o  I  
s p e n d  o n  e ach  w e b  p ag e ? T h at ’ s  t h e  r an k .

• I n t ui t i o n :  y o u’ l l  s p e n d  mo r e  t i me  o n  i mp o r t an t  
p ag e s . “ A l l  r o ad s  l e ad  t o  R o me .”
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F or mal iz in g  the R an d om S u r fer
• I mag i n e  a s q uar e  b i n ar y  mat r i x L,  w i t h  as  
man y  r o w s  as  w e b  p ag e s . 
T h e  e n t r y  L(i , j ) i s  1  i f  p ag e  i  l i n k s  t o  p ag e  j  
an d  0  o t h e r w i s e .
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F or mal iz in g  the R an d om S u r fer
• N o w  n o r mal i z e  t h e  r o w s  o f  L,  b y  d i v i d i n g  
e ach  r o w  b y  i t s  s um. 
M ul t i p l y  t h i s  n o r mal i z e d  mat r i x L*
b y  (1 -c) an d  ad d  c t o  e v e r y  e n t r y .

• T h e  r e s ul t i n g  mat r i x W h as  e n t r i e s  W(i , j )
w h i ch  g i v e  t h e  p r o b ab i l i t y  o f  g o i n g  t o  p ag e  j  i f  
y o u ar e  n o w  o n  p ag e  i .

W=(1-c ) L * +  c
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C omp u tin g  O ccu p ation  Times
• H o w  can  w e  cal cul at e  t h e  f r act i o n  o f  t i me  
s p e n t  o n  e ach  w e b  p ag e ?

• F i r s t  o b s e r v at i o n :  i f  w e  s ur f  f o r  l o n g  e n o ug h ,  
i t  d o e s n ’ t  mat t e r  w h e r e  w e  s t ar t .

• I mag i n e  mai n t ai n i n g  a v e ct o r  x,  w h o s e  e n t r y  
x(i ) i s  t h e  f r act i o n  o f  t h e  t i me  w e  e xp e ct  t o  
s p e n d  o n  p ag e  i .

• O n e  i t e r at i o n  o f  s ur f i n g :  x  Wx
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F in d in g  the F ix ed  P oin t
• We  w an t  t h e  f i xe d  p o i n t  o f  t h e  i t e r at e d  map
x : =  Wx. C e r t ai n l y  i t  w i l l  s at i s f y  Wx= x,  b ut  
h o w  can  w e  f i n d  i t ? I s  i t  un i q ue ?

• I t  t ur n s  o ut  t h at  t h i s  i s  a s t an d ar d  p r o b l e m i n  
l i n e ar  al g e b r a. T h e  an s w e r  i s  t o  f i n d  t h e  
e i g e n v e ct o r  o f  W  w i t h  t h e  l a r g e st  e i g e n v a l u e .

• T h e  co mp o n e n t s  o f  t h i s  v e ct o r  t e l l  us  w h at  
f r act i o n  o f  t i me  i s  s p e n t  o n  e ach  p ag e .
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G oog l e is L in ear  A l g eb r a
• We ’ v e  t r an s f o r me d  w h at  s e e me d  t o  b e  a 
co mp ut e r  s ci e n ce  q ue s t i o n :  
H o w  d o  w e  co mp ut e  t h e  r an k  o f  a p ag e
i n  G o o g l e ?
I n t o  a p ur e l y  mat h e mat i cal  an s w e r :  
F i n d  t h e  e i g e n v e ct o r o f  t h e  mat r i x 
(1 -c)L* +  c h av i n g  t h e  l ar g e s t  e i g e n v al ue .

• G o o g l e  i s  j us t  ap p l i e d  Li n e ar  A l g e b r a!
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A  D atab ase S ear ch P r ob l em
• A s s ume  y o u h av e  a 
v e r y  l ar g e  l i s t  o f  
r e co r d s ,  e ach  o f  
w h i ch  h as  a un i q ue  I D  
(ar b i t r ar i l y  &  r an d o ml y  
as s i g n e d ) as  w e l l  as  a 
p o s i t i v e  k e y  v al ue  
(w h i ch  i s  w h at  w e  
r e al l y  car e  ab o ut ).
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A ccessin g  R ecor d s b y  I D / K ey
• Y o u can  l o o k  up  an y  
r e co r d  q ui ck l y  b y  I D .

• B ut  w h e n  s e ar ch i n g  
b y  k e y s ,  w e  can  o n l y  
f i n d  t h e  r e co r d  w i t h  
t h e  n e xt  h i g h e s t  k e y .
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H ow  can  w e fin d  the l ar g est k ey ?
• T w o  o b v i o us  w ay s  t o  f i n d  t h e  
I D  w i t h  l ar g e s t  k e y .
– S ca n  a l l  I D s se q u e n t i a l l y ,  a n d  
r e m e m b e r  t h e  b i g g e st  o n e .

– S t a r t  a t  I D  z e r o  a n d  g e t  t h e  
n e x t  h i g h e st  ke y  r e p e a t e d l y  
u n t i l  y o u  co m e  t o  t h e  b i g g e st .

• B o t h  s t r at e g i e s  acce s s  al l  
r e co r d s  i n  t h e  d at ab as e .

• O t h e r  i d e as ?

9.2

3 7 0 2

6 6 24

0 0 1 8

1 24 4

1 20 4

1 .8

8 25 .3

0 0 0 0 0 .0



Fields Grad School Info Day 2003 T he M at hem at ics of C om p u t er Science

C an  w e d o b etter ?
• Say  t h e r e  ar e  N  r e co r d s .
• N o w  p i ck  R  r an d o m I D s .
T ak e  t h e  o n e  w i t h  t h e  
b i g g e s t  k e y ,  an d  s t ar t  w i t h  i t ,  
g e t t i n g  t h e  n e xt  h i g h e s t  un t i l  
y o u r e ach  t h e  l ar g e s t .

• Wh at ’ s  t h e  e xp e ct e d  n umb e r  
o f  r e co r d s  acce s s e d ?
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Thr ow in g  D ar ts
• P i ck  R  r an d o m I D s ,  w al k  
f r o m l ar g e s t  t o  t h e  e n d .

• Q :  H o w  man y  r e co r d s  ar e  
acce s s e d ,  o n  av e r ag e ?

• Same  Q :  Wh at ’ s  t h e  av e r ag e  
s i z e  o f  t h e  f i n al  i n t e r v al  i f  w e  
t h r o w  R  d ar t s  i n t o  t h e  r e al  
l i n e  s e g me n t  [ 0 , 1 ] ?
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P er for man ce of D ar t Thr ow in g
• A v e r ag e  s i z e  o f  t h e  f i n al  i n t e r v al  i f  w e  
t h r o w  R  d ar t s  i n t o  [ 0 , 1 ]  i s  1 /R .

• T h e r e f o r e ,  o n  av e r ag e  (R + N /R ) r e co r d s  
ar e  acce s s e d  b y  o ur  me t h o d .

• We ’ v e  t r an s f o r me d  t h e  C S q ue s t i o n :
Wh at ’ s  t h e  e xp e ct e d  co s t  o f  o ur  n e w  
d at ab as e  s e ar ch  al g o r i t h m?
i n t o  a mat h  an s w e r :
E [ mi n r(1 -ur)] ,  1 < = r < = R , ur ~  U (0 , 1 )
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O p timal  D atab ase A ccess
• T o  mi n i mi z e  e xp e ct e d  acce s s e s ,  w h at ’ s  
t h e  b e s t  v al ue  o f  R ?

A = (R + N /R );  d A /d R  =  1 -N /R 2

R *  =  s q r t (N );  A *  =  2 s q r t (N ) !
• We ’ v e  t r an s f o r me d  t h e  q ue s t i o n :
Wh at ’ s  t h e  o p t i mal  D B  s e ar ch  p ar ame t e r ?
i n t o  a s i mp l e  cal cul us  p r o b l e m!
( I n  f a ct ,  a  l o t  o f  d a t a b a se  a n d  d i st r i b u t e d  
sy st e m s r e se a r ch  u se s ca l cu l u s &  p r o b a b i l i t y .)
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I n ter n et N etw or k  F l ow  C on tr ol
• Y o u  a r e  g i v e n  a  n e t w o r k o f  u n i d i r e ct i o n a l  l i n ks
( t r a n sm i ssi o n  l i n e s)  w i t h  f i x e d  ca p a ci t i e s.

• T h e  n e t w o r k i s sh a r e d  b y  a  se t  o f  cu st o m e r s,  e a ch  
o f  w h o m  i s w i l l i n g  t o  p a y  a  ce r t a i n  a m o u n t t o  g e t  a  
ce r t a i n  b a n d w i d t h  u sa g e . 

• G o a l : f i n d  t h e  b e st  r o u t i n g o f  cu st o m e r s a l o n g  t h e  
l i n ks a n d  t h e  o p t i m a l  t r a n sm i ssi o n  r a t e s so  a s t o  
m a x i m i z e  t h e  r e v e n u e .

• T h i s i s e x a ct l y  t h e  f l o w  co n t r o l  p r o b l e m  f a ce d  o n  
t h e  i n t e r n e t ,  e x ce p t  w i t h  u t i l i t y i n st e a d  o f  m o n e y .
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F or mal iz in g  F l ow  C on tr ol
• Un i d i r e ct i o n a l  l i n ks k w i t h  ca p a ci t i e s c( k) .
• S o u r ce s s,  e a ch  ch a r a ct e r i z e d  b y  a  t r a n sm i ssi o n  
r a t e  x ( s)  a n d  a  m o n o t o n i c u t i l i t y  f u n ct i o n  U[ x ( s) ] .

• R o u t i n g  m a t r i x  R ( s, k) = 1 i f  so u r ce  s u se s l i n k k.
• M a t h e m a t i ca l  p r o b l e m :

m a x  Σs Us su b j e ct  t o
Σ x ( s)  < =  c( k) f o r  a l l  k

( m a x i m i z e  u t i l i t y  r e sp e ct i n g  ca p a ci t y )
s:R(s,k)=1
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E x cep t… n ob od y ’ s d r iv in g
• T h e r e  i s o n e  m o r e  i m p o r t a n t  co n st r a i n t : t h e  
o p t i m i z a t i o n  h a s t o  b e  p e r f o r m e d  u si n g  o n l y  l o ca l  
co m p u t a t i o n s a t  t h e  l i n ks a n d  so u r ce s!

• B a si c a l g o r i t h m : 
C o u p l e d  d i f f e r e n t i a l  e q u a t i o n s w h i ch  i m p l e m e n t  
st o ch a st i c g r a d i e n t  a sce n t  i n  t h e  u t i l i t y :
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E x istin g  P r otocol s
• R e n o

• R e n o / R E D

• R e n o / R E M

• V e g a s,  V e g a s/ R E M
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C al tech:  F A S T TC P  p r otocol

ns-2  si m u l a t i o n

• B y  a n a l y z i n g  t h e se  
e q u a t i o n s a n d  
co n si d e r i n g  t h e  e f f e ct s o f  
d i f f e r e n t  u t i l i t y  f u n ct i o n s,  
w e  ca n  d e r i v e  
b e t t e r  f l o w  
co n t r o l  
a l g o r i t h m s 
d i r e ct l y  f r o m  
m a t h e m a t i cs!
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The P ow er  of Mathematics
• T h e  d e v e l o p m e n t  o f  F A S T  r e p r e s e n t s  t h e  
r e a l i z a t i o n  o f  e v e r y  m a t h e m a t i c i a n ’ s  d r e a m :
To come up with an equation, whose solution will 
chang e the wor ld , mak ing  ev er y b od y ’ s lif e b etter .

• A n d  i n  t h i s  c a s e ,  t h e  d r e a m  w a s  a c h i e v e d  b y  
r e s e a r c h  d o n e  i n  C o m p u t e r  S c i e n c e .
H a h !
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A  V er y  H ar d  C S  P r ob l em
• W h a t ’ s g o i n g  o n  i n  t h i s v i d e o ?

• H o w  co u l d  w e  e v e r  w r i t e  a  p r o g r a m  t o  d o  t h a t ?!
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Machin es that L ear n
• I n st e a d  o f  p r o g r a m m i n g  t h e  so l u t i o n  t o  h a r d  
p r o b l e m s b y  h a n d ,  w e  ca n  sh o w  t h e  co m p u t e r  
so m e  e x a m p l e s o f  h o w  t o  d o  w h a t  w e  w a n t ,  a n d  
l e t  i t  f i g u r e  o u t  t h e  d e t a i l s f o r  i t se l f .

• F o r  e x a m p l e ,  sh o w  i t  e x a m p l e s o f  p i ct u r e s t h a t  
co n t a i n  f a ce s a n d  e x a m p l e s t h a t  d o  n o t :

Faces:
N o t  
f ace:
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Y ou  tr y  it: G r u s

G r u s

N o t G r u s

G r u ?
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L ear n in g  fr om E x amp l es
• W h a t  w e  w r i t e  i s a ct u a l l y  a  co m p u t e r  p r o g r a m  
t h a t  h a s l o t s o f t u n e a b l e n u m b e r s i n si d e  i t .

• A n o t h e r  p r o g r a m  l o o ks a t  t h e  e x a m p l e  d a t a  a n d  
m o d i f i e s t h e  n u m b e r s i n si d e  t h e  f i r st  p r o g r a m  t o  
m a ke  i t  w o r k b e t t e r . H o w ?

Face?

• Usi n g  st a t i st i cs a n d  o p t i m i z a t i o n  t h e o r y !
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C omp u ter s that S ee
• U s i n g  t h i s  s t a t i s t i c a l  
l e a r n i n g  a p p r o a c h ,  
w e  c a n  t e a c h  a  
c o m p u t e r  t o  t r a c k  
m o v i n g  o b j e c t s  i n  
v i d e o s .
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C omp u ter s V ision
• W e  ca n  a l so  
l e a r n  t o  
se p a r a t e  
se v e r a l  m o v i n g  
o b j e ct s f r o m  
o n e  a n o t h e r .
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I n tel l ig en t R ob ots
• W e  ca n  e v e n  t a ke  a  
r o b o t  t h a t  w e  b u i l t ,  a n d  
a u t o m a t i ca l l y  g e n e r a t e  
a  p r o g r a m  t h a t  m a ke s 
i t  w a l k,  b y  j u st  t e l l i n g  i t  
t h a t  w e  w a n t  i t  t o  m o v e  
f o r w a r d  o r  st a n d  u p .

• T h i s h a s a l so  b e  d o n e  
w i t h  su b m a r i n e s a n d  
h e l i co p t e r s!
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A u ton omou s H el icop ter  C on tr ol
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R ob ot S occer
• C o m p u t e r  p r o g r a m s 
t h a t  r u n  r o b o t  so cce r  
p l a y e r s u se  m a ch i n e  
l e a r n i n g  a l so .
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Machin e L ear n in g
• L e a r n i n g  a l g o r i t h m s a u t o m a t i ca l l y  w r i t e  p r o g r a m s 
t o  so l v e  a l l  ki n d s o f  v e r y  h a r d  p r o b l e m s j u st  b y  
e x a m i n g e x a m p l e s o f  t h e b e h a v i o u r s w e  w a n t .

• T h e  ke y  i s st a t i st i ca l  m o d e l i n g o f  t h e  e x a m p l e s. 
T h e  b e t t e r  o u r  st a t i st i ca l  a ssu m p t i o n s,  t h e  m o r e  
ca r e f u l l y  w e  f i t  t h e  m o d e l s a n d  t h e  m o r e  d a t a  w e  
h a v e ,  t h e  b e t t e r  e v e r y t h i n g  w o r ks.

• T h i s v e r y  co o l  a r e a  o f  co m p u t e r  sci e n ce  t u r n s o u t  
t o  b e  m o st l y  a p p l i e d  st a t i st i cs a n d  o p t i m i z a t i o n !
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Man y  mor e ex amp l es
• A  C S  q u e s t i o n :
D o e s  t h e  b l u e  k e y  i n  m y  w e b  b r o w s e r  r e a l l y  
k e e p  m y  c r e d i t  c a r d  n u m b e r  s a f e ?

• T h i s  i s  t h e  s a m e  q u e s t i o n  a s :
I s  t h e r e  a n y  p o l y n o m i a l  t i m e  a l g o r i t h m  t o  
f a c t o r  a  l a r g e  p r i m e  n u m b e r ?
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Man y  mor e ex amp l es
• S c h e d u l i n g  o f  s p o r t s  t o u r n a m e n t s ,  f a c t o r y  
j o b s ,  o r  c o m p u t e r  p r o c e s s e s  c a n  o f t e n  b e  
r e d u c e d  t o  a n  o p t i m i z a t i o n  p r o b l e m  o f  t h e  
f o r m :  m a x i m i z e  a  c o n v e x  f u n c t i o n  F ( x )  
s u b j e c t  t o  c o n v e x  c o n s t r a i n t s  o n  x .

• A l g o r i t h m s  l i k e  l i n e a r  p r o g r a m m i n g ,  d y n a m i c  
p r o g r a m m i n g ,  s e m i d e f i n i t e  p r o g r a m m i n g  c a n  
s o l v e  t h e s e  e f f i c i e n t l y .
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C on cl u sion s
• M a t h e m a t i c s ,  S t a t i s t i c s  a n d  C o m p u t e r  
S c i e n c e  a r e  t h e  p e r f e c t  m i x f o r  d o i n g  f u n  
r e s e a r c h  t h a t  a c t u a l l y  i m p a c t s  p e o p l e .

• C S  b e n e f i t s  f r o m  m a t h  a n d  s t a t s a s  t h e  c o r e  
e n g i n e s  u s e d  t o  a t t a c k ,  a n a l y z e  a n d  s o l v e  
p r o b l e m s  o n c e  t h e y  h a v e  b e e n  f o r m a l i z e d .

• M a t h  a n d  s t a t s  b e n e f i t  f r o m  C S a s  a  v e n u e  
i n  w h i c h  t h e i r  a b s t r a c t  p o w e r  c a n  b e  b r o u g h t  
t o  b e a r  o n  r e a l  w o r l d  p r o b l e m .
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Research Groups in our Department
• W e  h a v e  p r o f e s s o r s  w o r k i n g  i n  a l l  o f  t h e  
a r e a s  I  h a v e  t o u c h e d  o n ,  a n d  m o r e :
– A r t i f i ci a l  I n t e l l i g e n ce ,  H C I  &  G r a p h i cs
– T h e o r y ,  A p p l i e d  D i scr e t e  M a t h ,  C r y p t o g r a p h y
– D a t a b a se s,  S y st e m s,  N e t w o r ks
– P r o g r a m m i n g  L a n g u a g e s,  S o f t w a r e  
E n g i n e e r i n g ,  N u m e r i ca l  M e t h o d s

• C o m e  v i s i t  o u r  t a b l e .
B e t t e r  y e t ,  c o m e  t o  g r a d  s c h o o l  h e r e !


