Quasi-periodic Schrédinger operators and related

e Spectrum and eigenfunctions of Schrédinger

operators

e Linear Schriédinger operators with time de-

pendent potential

e KAM theory for nonlinear PDE



Quasi-periodic Schrédinger operators on 7
(Formalism)

H = Xv(z +nw)bnn + A (n,n/ € Z)

v= non-constant (real analytic) potential on T¢
A= Laplacian on Z
1 ifln—n/|=1

A= { .
0 otherwise
Hy=Ey & (‘DN“) = My (gg)

1
My = My (E; ) —_—H (Av(x—l—?w)——E —61)
N

(transfer matrix)

1
L(E) = lim N log | My (E; z)|dz

— 00

(Lyapounov exponent)

= /log |E — E'|dN(E')

(Thouless formula)
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The almost Mathieu case

H) = Acos(x + nw) + A
(Bloch electron in a magnetic field — Peierls, Hofstadter)
For almost all (z,w)

( A > 2: H) has pp spectrum with Anderson localization
~ (Jitomirskaya)

A = 2: H) has pure singular continuous spectrum
(Gordon-Jitomirskaya-Last-Simon)

A < 2: H) has pure absolutely continuous spectrum
\ (Aubry-duality)

H) and H 4 are dual

~ Phase transition at \ = 2.



General real analytic potential (PP spectrum)

Hy = Av(m+nw) + A.

Theorem. v real analytic, non-constant on T4 (d> 1).
If |A] > Ao(v), then for almost all (x,w), Hy satisfies
A.L.

(non-perturbative result)
Consequence of the following

Theorem. (B-Goldstein): Assume L(E) > 0 Jor all
w and E. Then Hy satisfies A.L. for almost all (x,w).

Theorem. For |A| > \o(v),
1
L(FE) > Elogl)\l forallw, E
v = trigonometric polynomial (M. Herman)

= real analytic on T (Sorets—Spencer)

= real analytic on T?, d > 1 (B)
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Almost Mathieu

L(F) = max (O log l;') ifw¢gQ,F € Spec H, .

Theorem. For any fired w, L(E) is a con-
tinuous function of E

d =1 : Jitomirskaya, B
d>1:B

Theorem. L, (F) is jointly contznuous at
(wo, Eo) if

nwoZ0  VneZ4



General real analytic potential (a.c. spectrum)

Theorem. (B-J) H = \v(z + nw)bpn + A, v real
analytic on T, w diophantine. Then for |\| < A (v)
H has pure a.c.-spectrum

?

(non perturbabive)

Theorem. (d > 1): For |[A| < A(v,e) and w ¢
QC T mesQ<e, H A\w has pure a.c.-spectrum

(perturbative result)

Theorem. (B): Let v be a trigonometric polynomial
on T? with non-degenerate mazimum. There is c T?
mes () > 0 such that forw € Q, H, = v(nw;, nws)+ A
has some point spectrum P, mes P > 0, with exponen-
tially localized states.

J

(possible coexistence of a.c. and point spectrum)



Quasi-periodic operators on 72

H = Av(z1 + njwy, 22 + ngwsy) + A

1 if|ng —ni|+|ny —nh| =1

A, = {

0O otherwise

Theorem. (B-Goldstein—Schlag)

Assume v real analytic on T2, none of the par-
tial maps v(z1,-),v(-,z2) constant. For all e > 0,
there is Ao = Xo(v,€) such that for |A\| > \g and
w¢& N, mesQ < ¢,

H = Av(niwi, nows) + A

satisfies A.L

Perturbative result
Problem not solved on 73

Initial arithmetic restrictions on w of non-diophantine
nature.



Initial frequency restriction

Proposition. Fiz N (large). There is subset Qn C
[0, 1]2
mes ([0, 1]*\Qy) < e~ ViesN

with the following property.

Let S C [0,1]? be semi-algebraic of degree B such
that

mes Sz, < 1, mes Sz, <0 for all 1,5 € [0,1]

1
log B < log N < log E

Then, for w e Qxn

{(n1,m2) € Z°| [n;| < N and (nyw1, nows) € S(mod 1)} < N1

(c >0 a fized constant).



Dynamical localization

- H as above
T8 Hy () = (o)

Dynamical localization

| 1/2
sup (04 1n) €79,6,7) < oo
assuming
[%n] < [n|=4 for |n| — oo

(absence of diffusion = no continous spectrum).

Theorem. In the previous statements involving

AL, dynamical localization holds as well.



Skew-shift dynamics

T:T? — T2 (x,y) — (x+y,y + w) (skew shift)

n(n —1)

5 w))énn/ + A

Hy 5y = )\( cos(xz + ny +

Theorem. (B-Goldstein-Schlag) For A > A, (€), Hx w2y
satisfies A.L. for (w,z,y) € Q C T3, mesQ < ¢.

Problem. Does this hold for all A # 0 and almost all
(w,z,y)?

Theorem. (B) For all A>0, thereis aset QC T, mes > 0

such that for w € Q, H = /\(cos "(" n(n—-1) ———w)0pn + A has
some point spectrum P, mes P > O

(= different behaviour from almost Mathieu operator).

10



Quantum kicked rotor

~ Time dependent linear Schrédinger equation

onT=R/Z

o % O _
i5¢ T a5z Tibs - +V(ta)y =0

V(t,z) = k(cos 2rz) [Z 5(t — n)]

nez

< periodic sequence of kicks

(quantum analogue of Chirikov standard map).

Monodromy operator

W = Ua,an

bp-d
Ua,b _ ez(a 2+ b+5-) PN ez(47r an +27rbn)5nn,

(related to skew shift)
W= multiplication by e~ cos2nz
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Theorem. (B) Fize > 0. For fized b, k < k()
anda € Q C T, mesQ < ¢, flow of QKR is almost

periodic in time (i.e. no diffusion).
Precise formulation:

Given Sobolev exponent s, there is s; such
that if ¢(0) € H*1(T), then 9(¢) is almost periodic
on R as H*(T)-valued map.

Theorem. (B-J) Previous statement holds in non-
perturbative form, thus for k < kg (explicit con-

stant) and almost all a,b.

Problems.
e Establish result for all

o Estimate localization length
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Quasi-periodic solutions
in Melnikov problems and nonlinear PDE

Frohlich-Spencer-Wayne, Eliasson, Wayne,
Kuksin, Craig—-Wayne, B.

NLS-setting

. OH
igr = Lq+e——
0q
q = (q'n,)nezd (Fourier modes)
Fix b modes nq,... ,n, € Z4

L given by multiplier {uy,},,cz4

pn = [n|? for n € ZN\{n,,... ,np}
A = (A1,..., ) is parameter in interval
Q.
(perturbation of linear problem)
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Unperturbed solution (¢ = 0)
{ Ins (t) = a;e'™t (1< <)
() =0if n g {m,... ;)

Theorem. (persistence) ¢ small

2 CQ mes(Q\Q,) =" 0
3 smooth map A\ — X on Q.

For \ € Q., there is quasi-periodic solution q(t)

C_In(t) _ Z q\n(k)eik)\’t

kezb
Gn,(e5) = a; (1<7<b)

|gn (k)| < e—clinl+lk])

D 1Gn(k)| < VE where R — {(n;,e;)|j = L. ,b)

- (n,k)€R

Proof proceeds by Lyapounov-Schmidt decom-
position and Newton-iteration scheme

Linearized operator

(k)\, - ,U’n)d(n,k),(n’,k’) +eS
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Similar results for NLW

1qt = Bq+ B~ 9

B = Fourier multiplier (u,),,czq (d arbitrary)

{,Unj:)\j>0 (lSij)
,unzlnl 1fn¢{”17 ,TZb}

B — /—A.

Remark. Admissible frequencies in perturbed equa-

tion depend on nonlinearity, in particular ¢.
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Methods

Subharmonic function theorey

(= measure estimate)

Theorey of semi-algebraic sets

(= complexity bounds, elimination of variables)
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Large deviation type estimates

Proposition.

H =v(x 4+ nw)dp, + A

v real analytic on T

1
|kw]|| > clkl(log(l TR for k € Z\{0}

For kK > N~ 16

1 2
mes [z € T N log ||[My(z)||—Ln(E)| > k] < Ce "N

Similar results in multi-frequency case.
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Matrix-valued Cartan theorem

Theorem. A(o) (self-adjoint) N x N matrix function,
satisfying

(i) A(o) real analytic with analytic extension to
Rez| < §,[Imz| <y < §
such that
IA()]| < B

(ii) For each o € [—4,6], there is A C [1, N], such
that
IA|l<M < N

(R, Np\aA(o) Ry, npa) 72| < B,

(iii) mes[o € [-4,d]| ||A(o)~L] > Bs] <
| 107%y(14 B;)~1(1 4 By)~1.

Then, for

K > (14 By + B,)'"™

mes(o € [8,3]] 1 A(0) | > K] < exp — grrogrrilp i
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Uniformization theorem for

semi-algebraic sets (Yomdin-Gromov)

Theorem. S C [0,1]¢ semi-algebraic of degree B
(d fized, B large)

Fiz r. There is constant C = C(d,r) s.t.

S can be triangulated in < BC simplices A (=

k-simplex) C S and for each A, there is homeo-

morphism

ha : AF - A (A% C R is reqular stmplex)

satisfying

|Drhall <1 forr' <.
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