QUALITATIVE ASPECTS OF
HAMILTONIAN PDE’'S AND LATTICE
MODELS

IMPLEMENTATION OF METHODS FROM
DYNAMICAL SYSTEMS THEORY



Long time behaviour of higher Sobolev norms

Hamiltonian PDE’'s on a bounded domain
(no dispersion and scattering).

Periodic boundary conditions (z € T4, T = R/Z).

Example of the quintic defocusing NLS in 1D

{ ut + upr — fu,|’u,|4 =0
u(z,0) = ¢(x)

Hamiltonian
1) = [ (5o + £lol°)
T \2 §)
gives apriori bound on

lwC)I] -

Cauchy problem is globally wellposed for
¢ € H3(T),s > 1 and solution w satisfies
u(t) € HS for all time.



Problem 1. Assume ¢ € H%, s > 1.

lim H'U/(t)”HS < o0?
t—00

Problem 2. If Problem 1 has negative
answer, how fast may |[u(t)||gs grow when
t— o007

General Gronwall estimates

I(t) = [[u(®) |3
From the equation
I =Im(u|u|4,83g28)u)

1] < Cllulld I
In 1D
1/2, ,1/2

[@lloo < I#115" 1@l 5

1| < C(p)I = I(t) < I(0)e*



lu(®) s < l|pll s €

Best result to date

—1
Ju()||gs <t 2 for t— oo

Example of the defocusing cubic NLS ind = 2

wu + Au — u|u|2 —0

) = [, 5162 + 71ol*]

BREZIS-GALLOUET

Il 2] /2
2D [¢lloe < Cligllr |log 2]

I| <C(logI) I
= [lu(t)||gs < expexpCt for t— oo

Best result here

lu(@) | s < 571
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Conjecture.

In both NLS-examples

[u(®)|| s < € for all e > 0O

assuming u(0) smooth.

Case of linear Schrodinger equation with smooth
time dependent potential

wur + Au+ V(z,t)u =0
z € T4 (d arbitrary)

V smooth in x,t with uniform bounds in time
Theorem. |u(?)|gs < t¢||lu(0)]|gs for t — oo

Remark 1. Examples of slow growth in
H®(s > 0) even for smooth time periodic po-
tential.



Remark 2.

In some cases, no improvements beyond Gron-
wall estimates are known.

Example of the 2D Euler equation
ut + (u.V)u+Vy =0
divu =20

Classical solutions exist for all time.

But only double exponential bounds known for
()| s



Lattice Models (coupled harmonic oscillators)

q = (gn)nez
Lattice Schrddinger equations

’&C_In + VnCIn + S(AQ)n + 5|Qn|2CIn =0

(Vn)nez: qQuasi-periodic or random

A = lattice Laplacian

1 if max|n; —n}| =1
O otherwise

A(n,n’) ={

More general: finite range models

ZQn+VnQn+5(AC])n+——R€Z An[Hq mm] =0

im—n| < C,4 <Y (km+ky) <CY km=> K,



The linear case: Schrodinger operators

H=ecA+4+V

Anderson localization: Pure point spectrum
with exponentially localized states.

Dynamical localization: Absence of diffu-
sion in eitH

sup 3 (1 + [n?)|(¢H g)n|? < oo
t neZzd

g = (qn),czd

V = (Vn)nEZd iid d=1 g arbitrary
d>1 e small

Vn = V(n.w) quasi-periodic, V non-constant
real analytic

d=1,2 e small



Problems. (Frohlich-Spencer-Wayne)

(1) Is there a nonlinear counterpart of local-
ization?

(2) Estimate the rate of diffusion

D(t) = (Y n?lan(t)]?) "

for t — 0.

Few rigorous results

N o kI
in+Vnan+e(@n—1+an+1)+— o > AnRe [H @ T ] =
kK

d=1, V random.

Theorem: For all v > 0,k > 0 if Ay < |n|™?
and € < e(v, k), then

D(t) <t for t — oo

Based on Nekhoroshev type methods.
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(IT) Construction of quasi-periodic solutions

Perturbations of linear and integrable equa-
tions

wg + Au~+ V(z)u + g%lf —

yit — Dy + py + V(z)y + €0y F(z,y) =0
iUt + uzg + ulul? —}—58_ =0

yt + 03y + yOzy + dz[0yF(z,y)] = 0O

Persistency problem of invariant tori

C. WAYNE

S. KUKSIN

W. CRAIG - C. WAYNE
J.B.

Small solutions: Reduction to perturbations
of linear equations with parameters by nor-
mal forms techniques.

Large solutions: Use of ‘integrable coordi-
nates’ on Riemann surfaces.
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Perturbations of linear equations with parameters.
Example of NLS

(*) iUt+MU+€%—If =0 H(u,u) = polynomial
U

z € T arbitrary
M= Fourier-multiplier

M¢ =" d(n)Mpe™=

{n1,...,n} C Z% distinguished modes
My = |n|? for n & {n1,...,ny}

A= (M1,...,Ap) = b-dimensional parameter on [0, 1]°.
e = 0 = quasi-periodic solution

b .
ug(z,t) = Z a; ez(nj.x—!—)\jt).
J=1
Theorem. Thereis a Cantor subset C. C [0, 1]°,
mes C: <20 1 and a smooth map A — )\ such that for

X € C¢, (%) has real analytic quasi-periodic solu-
tion ue near ug with time frequencies Xy, ..., \}.
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REMARKS

(i) Similar results for NLW

Mp = |n| for n¢ {nqy,...,np}

(ii) Problem of multiplicities

{n € Z9 |n]* =R?}
For d > 2, unbounded for R — oo

(iii) No parametrization of us with fixed fre-
quency )\ as real analytic function of ¢

(unlike in usual KAM theory)
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Finite dimensional model problem:
persistency of lower dimensional invariant tori

(MELNIKOV PROBLEM)
idj = Xjgj +egg. (1<) <b)
ig; = pjgj +egz. (b+1<j<N)

A = (A1,...,\p)=tangential frequency vector
= parameter

Up+1,---, 4N = normal frequencies (possible
multiplicities)

Persistency of b-dimensional torus
lgjl =a; (1<5<0b)
;=0 (b<j<N)

MELNIKOV

KUKSIN

ELIASSON
JB

Invariant tori may have positive Lyapounov
exponents.
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Nekhoroshev stability

Long-time stability (= near quasi-periodic be-
havior) in e-perturbations of linear or inte-
grable Hamiltonian systems.

2 mechanisms

e Perturbations of linear non-resonant sys-

tems (quasi-Nekhoroshev)
ee Perturbations of (quasi)-convex integrable

Hamiltonians

d
® H(1,0) = > X\jI;+¢eH'(1,0)
j=1
A= (A,...,\y) diophantine

d
oo H:(1,0)=(Ip)+ > I?+eH'(1,6)
j=1

H'’ real analytic (or Gevrey) Stability times t < T
1 (o)
logT: > (—)
g
1

oc=o(d) ~ p

1<



Implementation In Large and Infinite Di-
mension

(Benettin, Frohlich, Giorgili, Bambusi, Herman,
Marco, Sauzin, Kaloshin, B, ...)

(e) In preceding generahty, no nontrivial stabil-
ity times (T: > ) unless d < Iog =
(B-Kaloshin)

(ee) Infinite systems of coupled harmonic oscil-
lators

(Benettin-Frohlich-Giorgili)

(log 1)?
log log £

Te ~ exp {c

(auasi-Nekhoroshev type theorem)
(e @ e)PDE's iut—l—uww—I—V(x)u—I—g%%i .

Yit — Yzz + pY + 5f/(y) =0
ut + ugpr u|u|2 -+ 5%@ o

Nontrivial stability times: log Tt > log
Depending on phase-space topology and non-
linearity



