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� Assumptions & the Problem 
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M ar ianov  & R eV elle (1 9 9 4 , E J O R )

� 2  N ew  L o c at i o n M o del s
� E v al u at i o n o f  M o del s  &  C o nc l u s i o n

O u tline
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P roblem  F orm u lation1
� A s s u mp t i o ns
� D isc rete und irec ted  netw ork  G=(N,L)
� Poisson d ema nd s w /  λi a t nod e i, i є N 
� ( C ustomer Assig nment Polic y )  A c ustomer is 
a ssig ned  to the c losest a v a ila ble serv er w ithin a  
pre-spec if ied  d ista nc e ( ra d ius) .  O r she is lost.
� T ies  ar e br ok en r andomly

� E a c h mobile serv er c ompletes serv ic e in a n 
ex ponentia l tota l serv ic e time w /  ra te µ
� total s er v ic e time =  tr av el time to node and bac k  to h ome 
f ac ility +  on-s c ene s er v ic e time

� F ac t
� L oc a tion ex ists a t nod es.
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P roblem  F orm u lation2
� T h e P ro b l em i s
� to f ind  a  loc a tion x = (x1, . . , xJ) minimiz ing  the number of  mobile serv ers to be loc a ted  on the site 
set X, w hile k eeping  the a v a ila bility  Ai(x) of  nod e ia t lea st the req uired  lev el α ,  i є N

� w here Ai(x) = P r o b ( a  c ustomer a t nod e i f ind s a t lea st one a v a ila ble serv er upon c a lling  f or serv ic e,  
f or a  g iv en loc a tion x).

� Bac k g ro u nd
� Applied  f or loc a ting  emerg enc y  serv ic e v ehic les
� A req uired  a v a ila bility  α is enf orc ed .
� H a rd  to f ind  Ai(x) a na ly tic a lly  ev en f or a  g iv en loc a tion x .  S imula tion is a n a lterna tiv e.
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O verlap p ing R egions
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B ip artite G rap h  R ep resentation
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P roblem  F orm u lation3
� N o t at i o ns
� N = S et of  nod es
� X = S et of  f a c ility  sites
� x = (x1, . . , xJ) = L oc a tion v ec tor ( L oc a tion)  
� xj = N umber of  serv ers a t f a c ility  j
� F(x) = S et of  f a c ilities
� Np = S et of  nod es w ithin the ra d ius of  point p     G
� Ni= R eg ion i     N
� Xp = S et of  f a c ility  sites w ithin the ra d ius of  point p  
� Fp(x) = S et of  f a c ilities w ithin the ra d ius of  point p  
� ki(x) = N umber of  serv ers loc a ted  in Xi
� λ(S) = R a te a t w hic h d ema nd s orig ina te f rom S    N
� B (S) = U nion of  a ll the nod es in Nn, n S

= N eig hborhood  of  S

⊆
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P roblem  F orm u lation4
� M at h emat i c al  p ro g rammi ng  f o rmu l at i o n

� W ha t most resea rc hers ha v e d one

� W ha t w e a re try ing  to d o
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Local R egions
� R eg i o n-i

� R eg i o n-i demand rat e

� N ei g h b o rh o o d o f  reg i o n i

� G i v en a l o c at i o n x , i s  an M / M / k i ( x )/ k i ( x ) s y s t em w i t h  demand rat e λ( Ni) emb edded i n Ni ?  
� N ot nec essa rily .  
� Y es,  if  a ll the d ema nd s orig ina ting  f rom Ni a re serv ed  only  by  serv ers a t nod e i .  ( only  f or c omplete 
bipa rtite g ra phs)
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M/M/k/k Sy stem s
� A v ai l ab i l i t y  o f  t h e M / M / k / k s y s t em w i t h  
demand rat e d

� D ec rea sing  in d ;  inc rea sing  in k
� M i ni mu m nu mb er o f  s erv ers  f o r α–av ai l ab i l i t y

� N on-d ec rea sing  in d ;  A ( d, b ( d) ) ≥ α
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E x am p le:  P ath  w /  Large R ad iu s

� C ent ered l o c at i o n:
� M / M / 3 / 3 w i t h  demand rat e 5

1 2 3

λ1 =  2
λ( N 1 ) =  3b ( λ ( N 1 ) )  =  2

)0,3,0( 321 ====
cccc xxxx

α =  0 . 8
µ=  3

d ( 1, 2) < d ( 2, 3)

λ2 =  1
λ( N 2 ) =  5b ( λ ( N 2 ) )  =  3

λ3 =  2
λ( N 3 ) =  3b ( λ ( N 3 ) )  =  2
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A  F easible Location f or ( P )

1 2 3

8.084.0)()()( 321 =>=== αccc xAxAxA
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R eV elle and  H ogan’ s Mod el
� R eg i o n-s p ec i f i c  ap p ro x i mat i o ns  f o r av ai l ab i l i t y  
� L i near i nt eg er p ro g rammi ng  f o rmu l at i o n

� where bi i s  t he s m a l l es t  ki ≥ 0 s . t .
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� L i near i nt eg er p ro g rammi ng  f o rmu l at i o n

� N o nl i near av ai l ab i l i t y  c o ns t rai nt s

� D ( j )  = N u m b er o f  d em a n d s  f ro m  Nj d u ri n g  ( 0 , U)
~  P o i s s o n  wi t h m ea n  Uλ(Nj)

� U = U p p er b o u n d  o n  ex p o n en t i a l  s erv i c e t i m es

B all &  Lin’ s Mod el 

NixkjDP

xtsxBL

i
jk

jkjk

Xj

K

k

Xj

K

k

∈−−≥≥−

=

∑∑
∑∑

∈ =

∈ =

),1log(]))([log(

1,0..min)(

1

1

α

NixkjDPAxA
K

kXj
i

jk

i
i ∈−≤≥=−≤− ∏∏

=∈

,1])([1)(1
1

α



15

Marianov &  R eV elle’ s Mod el
� A s s u mp t i o n:  
� F o r a  g i v en  l o c a t i o n  x ,  Ni i s  a n  M / M / ki ( x) / ki ( x)
s y s t em  wi t h d em a n d  ra t e 

� L i near i nt eg er p ro g rammi ng  f o rmu l at i o n
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E x am p le R evisited 1

� C ent ered l o c at i o n:
� M/M/3/3 w i t h  demand rat e 5

1 2 3

λ1 =  2
λ( N 1 ) =  3b ( λ ( N 1 ) )  =  2

)0,3,0( 321 ====
cccc xxxx

α =  0 . 8
µ=  3

d ( 1, 2) < d ( 2, 3)

λ2 =  1
λ( N 2 ) =  5b ( λ ( N 2 ) )  =  3

λ3 =  2
λ( N 3 ) =  3b ( λ ( N 3 ) )  =  2
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E x am p le R evisited 2
� M ari ano v  &  R eV el l e’ s  mo del

� S o l u t i o n:
� C o mp are w i t h :
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A n I nf easible Location f or ( P )

1 2 3

.8.077.0)(
,8.088.0)(
,8.076.0)(

3

2

1

=<=

=>=

=<=

α

α

α

m

m

m

xA

xA

xA



19

Mod el B K K 1
� F ac i l i t y -s p ec i f i c  l o w er b o u nds  f o r av ai l ab i l i t y
� P l ac e “ al l  o r no t h i ng ”  at  f ac i l i t y  j.
� W ei g h t ed s et  c o v eri ng  p ro b l em f o rmu l at i o n

� where yj = 1 , i f  a  f a c i l i t y  i s  l o c a t ed  a t  f a c i l i t y  j
a n d  yj = 0 ,  o t herwi s e
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W h y  is B K K 1  F easible f or ( P ) ?
� D ec o u p l i ng  t h e u nderl y i ng  s y s t em i nt o  
M / M / k / k s y s t ems

� I n s en s i t i v e t o  c u s t o m er a s s i g n m en t  p o l i c i es  a n d  
q u eu e c a p a c i t i es

3 42 51

))(( 2Nb λ ))(( 4Nb λ
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E x am p le R evisited 3

� C ent ered l o c at i o n:
� M / M / 3 / 3 w i t h  demand rat e 5

1 2 3

λ1 =  2
λ( N 1 ) =  3b ( λ ( N 1 ) )  =  2

)0,3,0( 321 ====
cccc xxxx

α =  0 . 8
µ=  3

d ( 1, 2) < d ( 2, 3)

λ2 =  1
λ( N 2 ) =  5b ( λ ( N 2 ) )  =  3

λ3 =  2
λ( N 3 ) =  3b ( λ ( N 3 ) )  =  2
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E x am p le R evisited 4
� BK K 1  f o r t h e ex amp l e

� Op t i mal  s o l u t i o n:
� S erv er al l o c at i o n:
� BK K 1  i s  s af e!
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Mod el B K K 2 1
� N o de-s p ec i f i c  l o w er b o u nds  f o r av ai l ab i l i t y
� G o al  p ro g rammi ng  ap p ro ac h
� ( 1 s t  S t ep )  S o l v e w ei g h t ed s et  c o v eri ng  
p ro b l em f o r f ac i l i t y  l o c at i o n

� L et  y* b e o p t i mal  f o r ( W S C P ) .
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Mod el B K K 2 2
� ( 2 nd S t ep )  S o l v e i nt eg er p ro g ram t o  al l o c at e 
s erv ers

� where M i s  a  b i g  n u m b er
� F ac t
� E x t en d s  rea d i l y  t o  c a p a c i t a t ed -f a c i l i t y  c a s es

Xjx

NiyFBbx
XjMyxts

xBKK

j

i
j

j

j

i
Xj

j

Xj

∈=

∈≥

∈≤
∗

∈

∗

∈

∑

∑

...,1,0

)))((((
..

min)2(

λ



25

B K K 1  and  B K K 2

3 42 51

))(( 42 NNb ∪λ

))(( 2Nb λ ))(( 4Nb λ

� Op t i mal  s et  c o v eri ng  s o l u t i o n

� BK K 2

� BK K 1

)0,1,0,1,0( *
5

*
4

*
3

*
2

*
1

*
====== yyyyyy



26

W h y  is B K K 2  F easible f or ( P ) ?
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E x am p le R evisited 5

� C ent ered l o c at i o n:
� M/M/3/3 w i t h  demand rat e 5

1 2 3

λ1 =  2
λ( N 1 ) =  3b ( λ ( N 1 ) )  =  2

)0,3,0( 321 ====
cccc xxxx

α =  0 . 8
µ=  3

d ( 1, 2) < d ( 2, 3)

λ2 =  1
λ( N 2 ) =  5b ( λ ( N 2 ) )  =  3

λ3 =  2
λ( N 3 ) =  3b ( λ ( N 3 ) )  =  2
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E x am p le R evisited 6
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� Set covering problem for facility location

� O ptimal s olu tion:                     
� Server allocation:
� B K K 2  is  s afe!
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Sim u lation E x p erim ents
� D ata s ets  for 1 0 8  ins tances
� |N| = 20, 30, 50,     α = 0. 8 , 0. 8 5, 0. 9 , 0. 9 5
� λi ~  Un i f o r m ( 1 ,1 0) ,     µ = 24 , 36 , 4 8
� Link lengths ~  Un i f o r m ( 1 ,50)
� R a d ii =  ( 0. 4 , 0. 6 , 0. 8 ) ( A v er a ge S ho r test D ista nc e)

� F or each  ins tance,
� 5  Lo c a tio n m o d els ( w ith 2  c ho ic es o f  U f o r  B a ll &  
Lin’s m o d el) a r e f o r m u la ted .

� S im u la ted  o n lo c a tio ns ( C P LE X 8 . 1  so lu tio ns) giv en 
b y  the m o d els
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C om p u tational R esu lts1

� F r a c tio n o f  inf ea sib le no d es

� M inim u m  d ev ia tio ns f r o m  α

� ( C o m p u ta tio na l tim e) /  |N| 

0.0000 0.00000.1 0030.00000.1 9 8 40.1 1 3 1AVERAGE

BKK1 BKK2M a r i a n o v  
&  R e V e l l e

Ba l l  &  L i n  
w /  7 5 %

Ba l l  &  L i n  
w /  5 0 %

R e V e l l e  &  
H o g a n

L O C AT I O N
M O D EL S

0.0000 0.00000.3 3 3 30.00000.7 5 000.5 5 00M AX I M U M

0.0000 0.0000-0.3 6 2 90.02 2 3-0.07 1 3-0.4 1 04M I N I M U M

0.002 5 0.005 50.009 80.7 06 40.2 05 70.02 7 7M AX I M U M

0.0002 0.00050.00030.02 2 80.007 00.0006AVERAGE

0.02 3 9 0.02 3 7-0.07 3 80.06 6 4-0.02 5 2-0.07 02AVERAGE
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C om p u tational R esu lts2

� ( N u m b er  o f  ser v er s) /  |N| 

� ( N u m b er  o f  f a c ilities) /  |N|

0.6 8 3 6 0.7 2 6 40.6 1 5 20.7 9 5 60.5 8 4 00.6 1 6 5AVERAGE

BKK1 BKK2M a r i a n o v  
&  R e V e l l e

Ba l l  &  L i n  
w /  7 5 %

Ba l l  &  L i n  
w /  5 0 %

R e V e l l e  &  
H o g a n

L O C AT I O N
M O D EL S

1 .2 3 3 3 1 .2 3 3 31 .1 5 001 .3 6 6 71 .05 001 .1 000M AX I M U M

0.1 2 00 0.1 4 000.2 2 000.1 4 000.1 2 000.2 000M I N I M U M

0.5 5 00 0.5 5 000.7 5 000.5 5 000.5 5 000.6 5 00M AX I M U M

0.2 7 9 5 0.3 08 00.3 8 5 70.3 2 4 70.3 1 8 50.3 8 3 4AVERAGE

0.3 6 00 0.4 2 000.3 0000.4 4 000.3 0000.3 000M I N I M U M
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P rosp ective R esearch  
� N eed  better low er bou nd s
� B igger  u nd er estim a tes f o r  a v a ila b ility  to  lo c a te f ew er  
ser v er s 

� R elax  M ark ovian as s u mption on total s ervice 
times
� T o ta l ser v ic e tim e =  tr a v el tim e to  a  no d e a nd  b a c k to  
ho m e f a c ility  +  o n-sc ene ser v ic e tim e.

� B K K 1  w ith z er o -c a p a c ity  q u eu es
� N eed  s tability for infinite capacity q u eu es
� P la c e q u eu es a t f a c ilities f o r  B K K 1

� P rioritiz e cu s tomers
� C u sto m er  a ssignm ent p o lic y


