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MOTIVATION

Heat exchangers are an essential component of
nuclear-electric power generators and many other
devices.

AECL (Atomic Energy Canada Limited) nuclear
power generafors use heat exchangers with
thousands of parallel tubes in regular arrays.

Flow-induced vibrations of these tubes can cause
metal fatigue, cracks and dangerous leaks.

Any shut-down for repairs of heat exchanger tubes
costs millions of dollars.

Engineers who design such heat exchangers want
to understand the causes of the vibrations and
they seek strategies to avoid them.

Experiments at AECL show that flow-induced
oscillations of tube arrays occur in distinctive
spatio-temporal patterns.




EXPERIMENTS OF M. PETTIGREW
(AECL Video 1986)

» The apparatus contains a rectangular array of
flexible cylinders in cross-flow.

»  Experiments were performed with different fluids
(air, water, ..) and different flow velocities /.

> For sufficiently large flow velocity U, the cylinders
oscillate in coherent spatio-temporal patterns.

» Two typical patterns observed:
(@) The cylinders oscillate transversely (across the

flow), synchronized in vertical columns but
anti-phase between columns.

(b) The cylinders oscillate longitudinally (in the
direction of flow), in a “travelling wave” along
the columns and in-phase between columns.
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TRANSVERSE VIBRATION MODE
of Heat Exchanger Tube Array

Experiments of M. Pettigrew, AECL, 19886.
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QUESTIONS

Can the possible types of spatio-temporal patterns
be determined from the geometry and symmetries
of the apparatus, using the "model independent”
group-theoretic methods of Golubitsky, Stewart
and others?

Can a simple ODE model be constructed. that
Incorporates the essential geometry, symmetries
and physical design of a heat exchanger array?

Can the Equivariant Hopf Bifurcation Theorem be
used to predict which spatio-temporal patterns are
most likely to occur in a given model?

If the answer is "yes” to 1. 2. and 3., then:

Do the predictions agree with the physical
experiments?
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QEOMETRICAL ASSUMPTIONS
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3X2 ARRAY OF OSCILLATORS
with symmetry: GN = 22 X ZN (N = 3)
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The flow velocity [




TWO RINGS of N OSCILLATORS
SYMMETRICALLY-COUPLED

Gy=2ZyxZ, (N=4)




Theoremy 1 (H-K Theorem). Let T be 3 fi-
nite group acting on B™. There js a periodic
solution to some M-equivariant system of ordi-
nary differential equations on R™ with spatial
symmetries K and spatio-temporal symmetrics
H It and only if

(a) H/K is cyclic,

(b) K is an isotropy subgroup,

(c) dim(IMiz(K)) > 2. IF dim(Ffiz(K))

Lhen either H = K or Il = N(K),

(d) H fixes a connected component of Piz( K )\ L.
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Possible isotropy subgroups and their
corresponding fixed-point subspaces for the case

when N = 2.

Twisted isotropy Fixed-Point dim{(£%x(Z))
subgroup Subspace Fiz(X)
G x {1} {(2.2), (2, 2)} 2
" Galni,—ra) | {(5.2), (—2,—2)] "
| Ga(—m1, K2) {(zp—z):(z:'-ﬂ)} 2
Ga(—r1, —r2) {lz,—2),{=22)} 2
f-"z—‘r’(*"-l) { {E: 2}1 ('HJ, F.b)} | i
Zo(—t1) {(z,—2), (w, —w)} 4
Lo (r2) 1(z,w), (z,w)] 4
Pia(—ka) {(z, —w), (=2, w)} 4
Lo(rimp) 1z, w), (w,z)] 4
Zo(—riko) 1(z,w), (—w, —=)} 4
! {(21,22), (wi,wa2) } 8




Symmetry Breaking Honf Rifurcation

We say Lhat an ordinary differential equation

I:&I:

o= Tl i), f(zo, u0) =0 (12)
where f @ R" x B — R" is smooth, undergoes 3 HopT
bifurcation at ¢ = pg, if in the linearized cquation of
(12). (df ). ) NAS a conjugate pair of purely imaginary
cigenvalues.

o When considering Hopf bifurcation in the presence
of symmetry, one generically expects the eigenspace
1S “I-simple" .

o The vector space W is M-simple if either:
(a) W = V&V where the representation of [~ on V
is absolutely irreducible or
(b) I acts irreducibly but not absolutely irreducibly
on W.

Theorem 2 (Equivariant Hopf Theorem). Let a com-
pact Lie group I act [T-simplvy on B?*, Assume that
(a) [ @ R*" x Ik — R* js smooth and T-equivariant,
f(xo,u) = 0 and (df).., has eigenvalues a(}s) + i3 (1)
each of multiplicity n.

(b) apo) = 0 and Bluo) = 1.

(c) &/(p0) =0 the eigenvalue crossing condition.

(d) = CT x 8 is a C-axial isotropy subgroup.

Then there exists a unique branch of small amplitude
periodic solutions to system (12) with period near 2,
ermanating from xzo with spatio-temporal symmetries 5.
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A Rectangular
HEAT EXCHANGER ARRAY

in Cross-Section
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PHYS\CAL AssumPTIoNS
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TRANSVERSE MOdEL EQUATIONS
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LONGITUDINAL MODEL EQUATIONS
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HOPF RIFURCATION RESULTS
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NUMERICAL SIMULATIONS

Transverse Vibration with G, Symmetry
Modes most likely to occur:
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CONCLUSIONS

The spatio-temporal patterns of oscillations that
potentially may occur in heat exchanger arrays
are determined primarily by the symmetries of
the system. These may be found by group
theory methods, without using detailed
knowledge of the physical system.

Given a mathematical model and a choice of
bifurcation parameter (here the flow velocity),
equivariant Hopf bifurcation analysis of the
model predicts which spatio-temporal patterns
actually will occur in the system.

For the present model (comparing columns):

» Transverse vibrations are anti-phase
» Longitudinal vibrations are in-phase




