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Overview

-

Coupled cell system: discrete space, continuous time system T
Has information that cannot be understood by phase space theory alone

1) symmetry
synchrony, phase shifts, multirhythms
2) groupoids
iInput sets, balanced relations, quotient networks

3) new states

different dynamics on different cells

Primary Question: What aspects of the dynamics of coupled cell
systems are due to network architecture?
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Part I: Symmetry and Synchrony

f # Coupled cell systems described by graph T
O — r; = f(wi, i1, 2i11)

éMg fe,9.2) = f(z,2,9)
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#® Symmetries are permutations of cells (Dy)
# Fixed-point subspaces are synchrony subspaces

Fix(X) ={z:0(x) =2 Vo€ X}
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Part I: Symmetry and Synchrony
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Coupled cell systems described by graph

fxi, i1, Tit1)

fle,y,z) = f(z,2,y)

#® Symmetries are permutations of cells (Dy)

=

# Fixed-point subspaces are synchrony subspaces

Fix(X) ={z:0(x) =2 Vo€ X}

# Question: Are all synchrony spaces fixed-point spaces?

Answer: No
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Spatio-Temporal Symmetries

o .

Let x(¢) be a time-periodic solution

® K={yel:vx(t) =xz(t)} space symmetries
® H={yel :+{x(t)} ={x(t)}} spatiotemporal symmetries

Facts:
® ycH=—0cS' suchthat ~u(t)=ax(t+0)
® H/K is cyclic

Question:

How do spatiotemporal symmetries manifest
themselves in coupled cell systems?
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A Three-Cell System
OEnEe

9o
1 = [f(x1,22)
3.32 — g(CCQ,ZCl,ZCg) g(ZUQ,ZCl,CCg) — g(CCQ,ZCg,ZEl)
jj3 — f($37$2)

o Symmetry: U(:El,ivz,wg) = (xg,ZEQ,ZEl)

Fix(o) = {x1 = x3} is flow-invariant. Robust synchrony



A Three-Cell System
N Do) —=G -

9o
1 = [f(x1,22)
jj? — 9(332,5131,:133) 9(332,331,333) — g(CCQ,ZCg,ZUl)
j73 — f($37$2)

o Symmetry: U(:El,ivz,wg) = (333,5132,231)

Fix(o) = {x1 = x3} is flow-invariant. Robust synchrony
# Out-of-phase periodic solutions (H = Zs(0), K = 1):
o X(t) =X (t+1)
L r3(t) = x1 (t -+ %) and  x2(t) = x2 (t + %) J
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A Three-Cell System (2)




Polyrhythms

#® Symmetry group of five-cell system is Z3 x Zy = Zg
# Periodic solutions with (H, K') = (Zg, 1) can exist

® leto = (p,7) be generator of Z3 x Zs.

(02,1/3) = 3-cell ring exhibits rotating wave
(02,1/2) = 2-cell ring is out-of-phase
L (o ,1/6) = triple 2-cell freq = double 3-cell freq J
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yrhythms (2)
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Summary on Symmetry

o .

Permutation symmetries of coupled cell systems lead to

®» synchrony
» discrete rotating waves

$» multifrequency motions

.—p.9/2



Part 11: Coupled Cell Theory

o .

® input sets and input isomorphisms

#® network architecture and symmetry groupoids
# balanced colorings and synchrony subspaces
# quotient networks (discussed with examples)

Main Results

1) synchrony subspace iff balanced coloring

2) restriction to synchrony subspace is a coupled cell
system — the quotient network

3) every quotient cell system lifts

.—p.10/2



Asymmetric Three-Cell Network
- -

1 = f(x1,x2,13)
@/ ,,,,,, F\@ T2 f o, w1, 23)
R r3 = 9(51337371)

# Robust synchrony exists in networks without symmetry

® Polydiagonal Y ={x:x; = x5} IS flow-invariant
Restrict equations 7,79 to Y

jjl — f(flfl,llfl,ﬂfg)
o = f(x1,21,23)

L ® Cells 1 and 2 are identical within the network J
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Input Sets

o .

® Input set of cell 5: Cell j & cells i that connect to

#® Key idea: cells 1, 2 have isomorphic input sets
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Coupled Cell Network Definition

o .

(@) AsetC={1,...,N} of cells
(b) An equivalence relation ~~ on cells in C

(c) Each node c has a finite set of input terminals I(c).
Each i € I(c) corresponds to an arrow (7(i), 1)
beginning at (i) and ending at ;. £ = set of arrows

(d) An equivalence relation ~ on arrows in £
(e) Equivalent arrows have equivalent tails and heads

A coupled cell network is represented by a graph

#® For each class of cells choose node symbol (), 1, A
# For each class of arrows choose arrow symbol —, =, ~
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Symmetry Groupoid

o .

® Cells ¢, d are input equivalent ~; if there is a bijection
B2 1(c) — I(d)

such that (i,c) ~g (6(7),d) for all i € I(c)



Symmetry Groupoid

o .

® Cells ¢, d are input equivalent ~; if there is a bijection
B2 1(c) — I(d)

such that (i,c) ~g (6(7),d) for all i € I(c)

# Any such bijection 3 is an input isomorphism
B(c,d) = set of input isomorphisms from cell ¢ to cell d
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Symmetry Groupoid

o .

® Cells ¢, d are input equivalent ~; if there is a bijection
B2 1(c) — I(d)

such that (i,c) ~g (6(7),d) for all i € I(c)

# Any such bijection 3 is an input isomorphism
B(c,d) = set of input isomorphisms from cell ¢ to cell d

® The symmetry groupoid of a coupled cell graph G is
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Symmetry Groupoid
-

Cells ¢, d are input equivalent ~ if there is a bijection
B:1(c) — I(d)

such that (i,c) ~g (6(7),d) for all i € I(c)

Any such bijection 3 is an input isomorphism
B(c,d) = set of input isomorphisms from cell ¢ to cell d

The symmetry groupoid of a coupled cell graph G is

Be = Uc,decB<C’ d)

Groupoid is like group; but products not always defined

-
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Symmetry Groupoid
-

Cells ¢, d are input equivalent ~ if there is a bijection
B:1(c) — I(d)

such that (i,c) ~g (6(7),d) for all i € I(c)

Any such bijection 3 is an input isomorphism
B(c,d) = set of input isomorphisms from cell ¢ to cell d

The symmetry groupoid of a coupled cell graph G is

B = Uc,decB(C’ 2

Groupoid is like group; but products not always defined
Coupled cell systems: ODEs that commute with B¢

-
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Patterns of Synchrony

o .

® ColorcellsinC

A ={x € P: x.= x4 whenever c and d have same color}



Patterns of Synchrony

o .

® ColorcellsinC

A ={x € P: x.= x4 whenever c and d have same color}

# Coloring is pattern of synchrony if A is always flow invariant
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Patterns of Synchrony

o .

® ColorcellsinC

A ={x € P: x. = xywhenever c and d have same color}

# Coloring is pattern of synchrony if A is always flow invariant

# Coloring is balanced if every pair of cells with same color
has a color preserving input isomorphism
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Patterns of Synchrony

o .

® ColorcellsinC

A ={x € P: x. = xywhenever c and d have same color}

# Coloring is pattern of synchrony if A is always flow invariant

# Coloring is balanced if every pair of cells with same color
has a color preserving input isomorphism

#® Thm: Coloring is pattern of synchrony iff coloring is balanced

o -
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Part 111: Examples

o .

o Lattice dynamical systems

s Classify balanced two colorings up to symmetry

s Balanced two colorings occur in codimension one
bifurcations (use quotient networks)

® Feed-forward network

s Amplitude enhancement in Hopf bifurcation
s Different dynamics in different cells

.~ p.16/2



Lattice Dynamical Systems

f o Consider square lattice with nearest neighbor coupling T

® Form a two-color balanced relation
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® Each black cell connected to two black and two white

Each white cell connected to two black and two white
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Lattice Dynamical Systems (2)

f # On Black/White diagonal interchange black and white T
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Lattice Dynamical Systems (2)

f # On Black/White diagonal interchange black and white T
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Dynamical Systems (3)

Lattice

=

Yunjiao Wang

-

There are eight isolated balanced two-colorings on
square lattice with nearest neighbor coupling

19/2
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Lattice Dynamical Systems (4)

There are two infinite families of balanced two-colorings
generated by interchanging black and white along
diagonals on which black and white cells alternate

Up to symmetry, these are the two-color patterns of

synchrony

=
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Quotient Cell Systems

o .

Given G = (C, ~¢, &, ~g) and balanced coloring <
Define: quotient network Gy = (Coq, ~c,,, Esas ~¢,,) DY
(@) Cu={c:cel}=C/x

(o) Definec~c_d < c~cd

(c) Arrows in quotient are projection of arrows in original
network & ={(7(7),7) : (7(¢),i) € £}
(d) Quotient arrows are ~¢_ when original arrows are ~p

Thm: G-admissible ODE restricted to A is G..-admissible
Every G..-admissible ODE on A, lifts to G-admissible ODE
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Two Color Quotient Networks

el

L 6 E" B

# Balanced two coloring has two-cell quotient

o -



Two Color Quotient Networks

QTR

=

G e

# Balanced two coloring has two-cell quotient

o Claim: Each balanced two coloring of square lattice
leads to equilibria in codimension one bifurcations

.
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Homogeneous Two-Cell Networks

€:k1+m1:k2—|—m2

_(x%-kug
ma 3

® Jacobian =

T =

m1 3

)

f(xl,gq,...,xl,xg,...,x

Y \\
~ -~

k1 mi

f(x27x27°°°7$27$17°°°7$1)
— ——

ko ma2

ro IS flow-invariant

where

Ck—l—kzﬂ_

o = linear internal and /3 = linear coupling
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Homogeneous Two-Cell Networks

¢ =Fki1+mq1 = ko +mo

o+ k10
ma 3

® Jacobian =

L1l —

m1 3

f(xl,gq,...,xl,wg,...

Y \\

)

X

)

TV TV
k1 mi

f(x27x27°°°7$27$17°°°7$1)
— ——

ko ma

ro IS flow-invariant

where

a + ko f3 |

o = linear internal and /3 = linear coupling

# Eigenvaluesare o+ /5 ((1,1)) and a + (k1 + ko — ()3

.

-
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Homogeneous Two-Cell Networks

) ,

ky k r1 = f(ail,fl,...,w;,iltg,...,a?
/Cl mi
m, :
'@ L2 = f(.fCQ,ZCQ,...,332,331,...,1'1)
N— N———
m; kQ ma2

€:k1+m1:k2—|—m2

r1 = xo IS flow-invariant

o + k18 myp
i mo 3 o+ ko3 |
o = linear internal and 3 = linear coupling

® Jacobian = where

# Eigenvaluesare o+ /5 ((1,1)) and a + (k1 + ko — ()3

L # Vary §: codimension 1 synchrony-breaking bifurcation J
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Three-Cell Feed-Forward Network
1 f(xy1,x1) I a+pB 0 O ]
© C@H@H@ 9 f(xa,x1) J = 5} a 0
T3 f(x3,z2) 0 B a |

-




Three-Cell Feed-Forward Network

f i1 = f(z1,31) [ a+8 0 O_T
2 (D)D) —(3) o = rwmy i=| s X
I3 |

= [f(z3,22) |0

# Network supports solution by Hopf bifurcation where
z1(t) equilibrium ro(t), z3(t) time periodic

\\\\\\\\ Z}M\AM/\MAMMM

XNO-: /\A/\A /\/\A/\/\ 0“\} HH H‘H‘HH [ \“H“‘/“‘\(\\“
V\/\U\/vvv/\ \/\/VV\/\ |/ /‘ ‘HHH‘\W\\\\\‘\H‘H

“““““ ’°’2vvav'vvvdvavVav
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Three-Cell Feed-Forward Network (2)
B -

#® Network supports solution where

z1(t) equilibrium, x5(t) time periodic, =5(1) quasiperiodic

111111111

111111111111
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Something to think about
-

# In afar away lanc
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Something to think about
-

# In afar away lanc

# |n afar away corner

#® Near a big island (Hook Islanq)

# Near a small beach (Stonehaven)

® Is a beautiful small island
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