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Optimal allocation for K=2 treatments

Hayre (1979), Jennison and Turnbull (2000)
Problem:

minR:nA/nB wana +wpng,
2 2
while 24 + 2B — const.
na np

Then optimal allocation is
*x _ 0OA ’UJA
B =05\ ws

Rosenberger, Stallard, and Ivanova ef al. (2001)
For p4 — pp Qs the freatment effect
ifwg=wp =1

R* = ,/% (Neyman allocation),
If wa =qa, wp = g8
R* = ,/g—g (RSIHR allocation).
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The confrast test of homogeneity

Let p; be the prob. of success, and n; be number of patients for
i-th freatment (1 =1, ..., K).

Define p. = (p1 — px, P2 — Pr» -y PE—1 — PK).
Hypothesis

Hy:p.=0 versus Hy:p,#0.

Test stafistics

A

ﬁlczni)c

Noncenftrality parameter

d(N1, .y NE) = p’cﬁglpc,

plql/nl 0 0
5 - 0 P2q2/m2 0 L PRAK
(£27¢
i 0 0 quK/nK i
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“Fixed frace allocation”

Denote R; = nz-/nK, \]
Fix

K
tr(X,) = Zpi%'/nz’ + (K — 1)pr gk = const
1=1
Minimize > . w;n,; here w;’s are some objective weights.

min ~ Q(Ry,..., Rx_1),

Rl ..... RK—l

where

K K—1 i

Q(R1, ..., R 1) = ZwiRz % + (K = prax

i=1 j=1 "

Solution:
* Piq; WK .
R’i: N ’L:].,...,K—].
\/(K — D)prqrw;
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Noncenftrality parameter surface

x 10

2
2 o o %
d(ni,n2,n3) 2 p; ) {Zj:l pquj (p] pK)]
ny+no+n B : -(pj_pK)_ 3 Pj ’PF”@'/ZW
prte TGS P 2 j=1 P;d j=1
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Comparison of the allocation ratios

0.8}

0.6

0.4

0.2}

(urn allocation: p; = (1/¢:)/ T1}_; 1/4;)

pl 0.10, p2 =

0.40, p3 = 0.70

trN  0.401 O 527
trRSI 0.370 0.478 ||
urn 0.410 0.491
eq 0.416 0.600

'xdo*/

pl 0.10, p2 =

0.20, p3 = 0.30

N 0.048 0.7
trRSI 0.047 0.770 ||
urn  0.048 0.792
eq  0.047 0.800

'*40*’

0.8}

0.6

0.4

0.2

pl 0.10, p2 =

0.30, p3 = 0.50

N\

trN  0.167 0 644
trRSI 0.161 0.627 ||
un 0.173 0.661
eq 0.168 0.700

'xdo*/

0 0.2 0.4

pl 0.10, p2 =

0.15, p3 = 0.20

trN  0.014 0 839
trRSI 0.014 0.838 | |
urn  0.014 0.848
eq 0.014 0.850

-xdo*’
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Opfimization problems

Problem 1:

K
K 22:1 w;ny,

s.t. n; > O, 1= 1, ...,K,
d(ni,...,ng) > C,

My, .. n

Problem 2:
maxml,..,mK ¢(m17"'7mK)7

S.t. m; 2 O, 1= 1, ...,K,
K
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Concavity of the noncenftrality parame-
fer

We have
K—1 n; 2
K—1 - J .
n] [23:1 D145 (P pK)]
nl, Y q — 174 n .
71=1 J4J Z]:]. P;jq;
Lemma

The function ¢(nq,...,nkx). n; >0, i =1, ..., K iIs concave.
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Equivalence of formulation

Theorem 1

There exist solutions to problems 1 and 2.

Denote the opfimum of problem 1 by n* = (nj,...,n%)
and the optimum of problem 2 by m* = (m7,...,m}).
Then,
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Neyman allocation

Theorem 2

Consider the special case of problems 1 and 2,
when

w=(1,..1) e R~.

Let p1 > pa > ... > px. then the vector n* = (n], ..., n} ) such that

n*
ny = ...=njp_, = 0and *1 = R = \/ P11
37 PK4K

solves both optimization problems.
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RSIRH allocation

Theorem 3
Consider the special case of problems 1 and 2,
when

w = (q1,...,qx) € R,
Let p1 > pa > ... > px. then the vector n* = (n], ..., n}) such that

*

n
ny=..=nj_,=0and —- = R* = s

77 PK

solves both optimization problems.
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Doubly adaptive biased coin design

Eisele (1994), Hu and Zhang (2003)
The godadl of the allocation scheme is fo have

n/N =v = p(0),

where p(0) € R¥ is the vector of proportion which depend on
unknown parameter 6.
The allocation rule is

g(z,p) = (91(x, p), ..., g (, p)) : [0,1]" x [0, 1] — [0, 1]".
The m + 1-th patient is assigned to the treatment k& with
probability

Nm .
Pm.k :gk(ﬁvpm% k:]-a"'aKa

where p, = p(6,,) is the sample estimate of v = p(0).
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Practical implementation
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Practical implementation

Obtained allocation function:

,01(191, ---,pK)
p2(D1, -, PK)

pK—1(p17 ---apK)
pK(pl,---,pK)

- R*/(1+ R*)

,where py > py > ... > pg
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Practical implementation

Obtained allocation function:

- p(ppe) || R (LR
p2(P1, -y PK) 0
p(p) = 5 = . ,where p; > ps > ... > pg
pr—1(P1;s -, PK) 0
pr (D1, ..y PK) | 1/(1+R") |

Use Doubly Adapftive Biased Coin Design fo tfarget p(p).
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Practical implementation

Obtained allocation function:

p1(P1, .- PK) | R*/(1+ RY)
p2(P1; -, PK) 0
p(p) = 5 = 5 ,where p; > py > ... > pg
pr-1(P1, - PK) 0
pr(p1,--px) | | 1/A+R") _

Use Doubly Adapftive Biased Coin Design fo tfarget p(p).
Employ smoothing techniques to derive pamoothed(p) : RE — RE,

For example,
p(p)
Psmoo hed(p ) — / dp
t ’ Q(py) ‘Q<p0)‘
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Plot of the theorefical allocation function

p,(P.P,.P3)
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Plot of The smoothed allocation function

P,(P1.P5P2)
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4 lable: “theoretical” vs “smoothed” allocation ratios

o

probabilities theoreftical smoothed
P1 P2 Ps3 P1 P2 P3 P1 P2 P3
a| 020 | 022 | 024 | 0476 0 0.523 | 0.420 | 0.111 | 0.468
b | 020 | 022 | 024 | 0476 0 0.523 | 0.417 | 0.120 | 0.462
a| 022 | 020 | 0.24 0 0476 | 0.523 | 0.218 | 0.314 | 0.467
b | 022 | 020 | 0.24 0 0476 | 0.523 | 0.177 | 0.359 | 0.462
a | 0.381 | 0.382 | 0.383 | 0.499 0 0.500 | 0.349 | 0.296 | 0.354
b | 0.381 | 0.382 | 0.383 | 0.499 0 0.500 | 0.338 | 0.320 | 0.341
a| 020 | 024 | 028 | 0.457 0 0.542 | 0.457 0 0.542
b | 020 | 024 | 0.28 | 0.457 0 0.542 | 0.457 0 0.542

Smoothing parameters:
a - grid cell size = 0.02, step size = 1

b - grid cell size = 0.01, step size = 2
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Comparison of the allocations (cont.)

pl =0.10, p2 = 0.40, p3 = 0.70

AN

pl =0.10, p2 = 0.30, p3 = 0.50
. - . .

N  0.167 0.644

trRSI  0.161 0.627

un  0.173 0.661

eq  0.168 0.700

N 0.401 0.527
trRSI  0.370 0.478
urn  0.410 0.491
eq  0.416 0.600

08¢

OSSO x<L 0O *

$ 0O x<] 0O *

0.6 N 0.626 0.537 || N 0.250 0.650
~ RSI  0.583 0.465 ~ RS  0.245 0.624
< RSIsm 0.582 0.464 || < RSIsm 0.245 0.623 ||
0.4 -
o2fl & N0 oSN\ | o2l %
O '..
0 1 1
p1 pl
pl=0.10, p2 = 0.20, p3 = 0.30 pl=0.10, p2 = 0.12, p3 = 0.14
1~ ' X ' ' 1~ ' N ; ;
* trN  0.048 0.774 * ttN  0.003 0.877
osl O trRSI 0.047 0.770 sl O trRSI 0.003 0.876
: v urn  0.048 0.792 : v urn  0.003 0.880
X eq 0.047 0.800 X eq 0.003 0.880
06 O N 0.070 0.779 || 0.6 o N 0.004 0.879
N O RSI 0.069 0.773 ~ O RSI 0.004 0.878
< % _RSIsm 0.069 0.773 | < % _RSIsm 0.003 0.878 ||
0.4} \ N 0.4} > < %
0.2 o2l N/
0 " &0 ' 0 - —o SN
0 0.2 0.4 0.6 1 0 0.2 0.4 0.6 0.8 1
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Concluding Remarks

!

*

Target allocation is an essential part of response-adapftive
design

The obtained “skewed” allocations allow some benefit with
respect to power and other objectives, compared to equal
allocation

The generalized Neyman and RSIHR allocation can be
considered as the solution of corresponding convex
opfimization problem in multi-armed clinical trials

Theorefically optimal solufion “eliminates” all but the extreme
tfreatments and, in general, is a discontfinuous function of the
parameters

The derived optimal allocation ratios can be applied in a
response-adaptive randomization procedure
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