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How do we encode a large tree or other combinatorial 
obj ect of  s p ecializ ed inf ormation 

…  ev en a s tatic one 
in a s mall amou nt of  s p ace
and s till p erf orm q u eries  in cons tant time ? ? ?



E x am p l e o f a Succinct Data Structure:
T h e ( Static)  B o und ed  Sub set

E x am p l e o f a Succinct Data Structure:
T h e ( Static)  B o und ed  Sub set

Given: U niver s e o f n el ements  [ 0 , ...n-1]
a nd  m a r b itr a r y  el ements  fr o m th is  u niver s e

C r ea te: a  s ta tic s tr u c tu r e to  s u p p o r t s ea r c h  in 
c o ns ta nt time (l g n b it w o r d a nd  u s u a l  o p er a tio ns )

U s ing : E s s entia l l y  minimu m p o s s ib l e #  b its ...
O p er a tio n: M emb er  q u er y  in O (1) time
(Br o d nik &  M .)
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F o cus o n T reesF o cus o n T rees

.. Bec a u s e C o mp u ter  S c ienc e is  .. A r b o p h il ic

- D ir ec to r ies (U nix,  a l l  th e r es t)
- S ea r c h  tr ees (B-tr ees ,  b ina r y  s ea r c h  tr ees ,  d ig ita l  

tr ees  o r  tr ies )
- Gr a p h  s tr u c tu r es (w e d o  a  tr ee b a s ed  s ea r c h )
- S ea r c h  ind ic es  fo r  text (inc l u d ing  D N A )



A  B ig  P atricia T rie /  Suffix  T rieA  B ig  P atricia T rie /  Suffix  T rie

� G iven a l arg e tex t f il e;  treat it as  b it vec tor
� C ons tru c t a trie with l eaves  p ointing  to u niq u e l oc ations  in tex t that 

“ m atc h”  p ath in trie ( p aths  m u s t s tart of  c harac ter b ou ndaries )
� S kip  the nodes  where there is  no b ranc hing  ( s o n-1 internal  nodes )
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Sp ace fo r T reesSp ace fo r T rees
A b s tr a c t d a ta  ty p e: b ina r y  tr ee
S iz e: n-1 inter na l  no d es ,  n l ea ves
O p er a tio ns : c h il d ,  p a r ent,  s u b tr ee s iz e,  l ea f d a ta
M o tiva tio n: “O b vio u s ” r ep r es enta tio n o f a n n no d e 

tr ee ta kes  a b o u t 6  n l g n w o r d s  (u p ,  l eft,  r ig h t,  s iz e,  
memo r y  ma na g er ,  l ea f r efer enc e)

i.e. fu l l  s u ffix tr ee ta kes  a b o u t 5  o r  6  times  th e s p a c e 
o f s u ffix a r r a y (i.e. l ea f r efer enc es  o nl y )



Succinct R ep resentatio ns o f T reesSuccinct R ep resentatio ns o f T rees
S ta r t w ith  J a c o b s o n,  th en o th er s :
T h er e a r e a b o u t 4n/ (πn)3/2 o r d er ed  r o o ted  tr ees ,  a nd  

s a me nu mb er  o f b ina r y  tr ees
L o w er  b o u nd  o n s p ec ify ing  is  a b o u t 2n b its
W h a t a r e th e na tu r a l  r ep r es enta tio ns ?



A rb itrary  O rd ered  T reesA rb itrary  O rd ered  T rees
� U s e p a r enth es is  no ta tio n
� R ep r es ent th e tr ee

� A s  th e b ina r y  s tr ing (((())())((())()())): tr a ver s e tr ee 
a s  “(“ fo r  no d e,  th en s u b tr ees ,  th en “)”
� E a c h  no d e ta kes  2 b its



H eap -l ik e N o tatio n fo r a B inary  T reeH eap -l ik e N o tatio n fo r a B inary  T ree
A d d  exter na l  no d es
E nu mer a te l evel  b y  l evel

S to r e vec to r   11110 1110 0 10 0 0 0 0 0 o f l eng th  2n+ 1
( Here don’ t k now s iz e of  s u btrees ;  can be ov ercome.  C ou ld u s e 

is omorp his m to f lip  between notations )
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H o w  d o  w e N av ig ate?H o w  d o  w e N av ig ate?
J a c o b s o n’ s  key  s u g g es tio n:

O p er a tio ns  o n a  b it vec to r
r a nk(x) =  #  1’ s  u p  to  &  inc l u d ing  x
s el ec t(x) =  p o s itio n o f x t h 1

S o  in th e b ina r y  tr ee

l eftc h il d (x) =  2 r a nk(x)
r ig h tc h il d (x) =  2 r a nk(x) +  1
p a r ent(x) =  s el ec t(x/ 2)



R ank  &  Sel ectR ank  &  Sel ect
R a nk - A u xil ia r y  s to r a g e ~  2 n l g l g n /  l g n b its
# 1’ s  u p  to  ea c h  (l g n)2 r d b it
# 1’ s  w ith in th es e to o  ea c h  l g nth b it
T a b l e l o o ku p  a fter  th a t
S el ec t - a  b it mo r e c o mp l ic a ted  b u t s imil a r  no tio ns
K ey  is s u e: R a nk &  S el ec t ta ke O (1) time w ith  l g n b it 

w o r d  (M . et a l )
A s id e: I nter es ting  d a ta  ty p e b y  its el f



O th er C o m b inato rial  O b j ectsO th er C o m b inato rial  O b j ects
P l anar G rap h s ( L u e t  al )
P e rm ut at i ons  [ n] → [ n]
O r  mo r e g ener a l l y
F unc t i ons  [ n]  → [ n]
Bu t w h a t a r e th e o p er a tio ns ?
C l ea r l y  π(i), b u t a l s o  π -1(i)
A nd  th en πk(i) a nd  π -k(i)



P erm utatio ns:  a Sh o rtcut N o tatio nP erm utatio ns:  a Sh o rtcut N o tatio n
L et P b e a  s imp l e a r r a y  g iving  π;  P[ i] =  π[ i]
A l s o  h a ve B[ i] b e a  p o inter  t p o s itio ns  b a c k in (th e 

c y c l e o f) th e p er mu ta tio n;  B[ i]=  π-t [ i] .. Bu t o nl y  
d efine B fo r  ever y  tth p o s itio n in c y c l e. (t is  a  
c o ns ta nt;  ig no r e c y c l e l eng th  “r o u nd -o ff”)

S o  a r r a y  r ep r es enta tio n
P =  [ 8   4 12  5  13  x  x  3  x 2  x 10  1] 

1       2      3        4        5        6       7       8       9    10     11    12    13

2 4 5 13 1 8 3 12 10



R ep resenting  Sh o rtcutsR ep resenting  Sh o rtcuts
I n a  c y c l e th er e is  a  B ever y  t p o s itio ns  …
Bu t th es e p o s itio ns  c a n b e in a r b itr a r y  o r d er

W h ic h  i’ s h a ve a  B,  a nd  h o w  d o  w e s to r e it?
K eep  a  vec to r  o f a l l  p o s itio ns
0  ind ic a tes  no  B
1 ind ic a tes  a  B
R a nk g ives  th e p o s itio n o f B[ “i”] in a c tu a l  B a r r a y
S o : π(i) a nd  π -1(i) in O (1) time &  (1+ ε)n l g n b its



G etting  n l g n B its:  an A sid eG etting  n l g n B its:  an A sid e
T h is  is  th e b es t w e c a n d o  fo r  O (1) o p er a tio ns
Bu t u s ing  Benes netw o r ks :
1-Benes  netw o r k is  a  2 inp u t/ 2 o u tp u t s w itc h
r + 1-Benes  netw o r k … j o in to p s  to  to p s
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R-B e n e s N e t w o r k

R-B e n e s N e t w o r k



A  B enes N etw o rkA  B enes N etw o rk
R ea l iz ing  th e p er mu ta tio n

(3 5  7  8  1 6  4 2)
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W h at can w e d o  w ith  it?W h at can w e d o  w ith  it?
D ivid e into  b l o c ks  o f l g l g n g a tes  … a nd  enc o d e th eir  

a c tio ns  in a  w o r d  .. T a king  a d va nta g e o f th e 
r eg u l a r ity  o f th e a d d r es s  mec h a nis m

a nd
A l s o  mo d ify  th e a p p r o a c h  to  a vo id  p o w er  o f 2 is s u e
S o  w e c a n tr a c e a c r o s s  a  p a th  in time O (l g n/ (l g l g n)
T h is  is  th e b es t time w e c a n g et fo r  π a nd   π-1 in 

minimu m s p a c e



Back to the main track: P o w ers o f πBack to the main track: P o w ers o f π
C o ns id er  th e c y c l es  o f π
( 2  6   8 )( 3  5   9   10 )( 4  1  7 )
K eep  a  b it vec to r  to  ind ic a te th e s ta r t o f ea c h  c y c l e
( 2 6   8     3 5   9   10    4 1  7 )
I g no r ing  p a r enth es es ,  view  a s  new  p er mu ta tio n,  ψ.
N o te: ψ-1(i) is  p o s itio n c o nta ining  i …
S o  w e h a ve ψ a nd  ψ-1 a s  b efo r e
U s e ψ-1(i) to  find  i,  th en b it vec to r  (r a nk,  s el ec t) to  

find  πk o r π-k



F unctio nsF unctio ns
N o w  c o ns id er  a r b itr a r y  fu nc tio ns  [ n]→[ n]
“A  fu nc tio n is  j u s t a  h a ir y  p er mu ta tio n”
A l l  tr ee ed g es  l ea d  to  a  c y c l e



C h al l eng es h ereC h al l eng es h ere
E s s entia l l y  w r ite d o w n th e c o mp o nents  in a  

c o nvenient o r d er  a nd  u s e th e n l g n b its  to  d es c r ib e 
th e ma p p ing  (a s  p er  p er mu ta tio ns )

T o  g et fk(i):
F ind  th e l evel  a nc es to r (k l evel s  u p ) in a  tr ee
O r
Go  u p  to  r o o t a nd  a p p l y  f th e r ema ining  nu mb er  o f 

s tep s  a r o u nd  a  c y c l e



L ev el  A ncesto rsL ev el  A ncesto rs
T h er e a r e s ever a l  l evel  a nc es to r  tec h niq u es  u s ing  
O (1) time a nd   O (n) W O R D S .
A d a p t Bend er  &  F a r a c h -C o l to n to  w o r k in O (n) b its

Bu t g o ing  th e o th er  w a y  …



f-k is a setf-k is a set
M o ving  D o w n th e tr ee r eq u ir es  c a r e
f-3(  ) =  (  )
T h e tr ic k:
R ep o r t a l l  no d es  o n a  g iven l evel  o f a  

tr ee in time p r o p o r tio na l  to  th e 
nu mb er  o f no d es ,  a nd  

D o n’ t w a s te time o n tr ees  w ith  no  
a ns w er s



F inal  F unctio n R esul tF inal  F unctio n R esul t
Given a n a r b itr a r y  fu nc tio n f: [ n]→[ n]
W ith  a n n l g n +  O (n) b it r ep r es enta tio n w e c a n 

c o mp u te fk(i) in O (1) time a nd  f-k(i) in time O (1 +  
s iz e o f a ns w er ).



G eneral  C o ncl usio nG eneral  C o ncl usio n
I nter es ting ,  a nd  u s efu l ,  c o mb ina to r ia l  o b j ec ts  c a n b e:
S to r ed  s u c c inc tl y  … O (l o w er b o u nd ) + o ()
S o  th a t 
N a tu r a l  q u er ies  a r e p er fo r med  in O (1) time

T h is  c a n ma ke th e d iffer enc e b etw een u s ing  th em a nd  
no t …


