1. THE SATO-TATE CONJECTURE

1. INTRODUCTION

There are many significant applications of the theory of symmetric power L-functions to questions
arising from classical analytic number theory. In these notes, we will touch upon only a few of them.
In this lecture, we will discuss the Sato-Tate conjecture and discuss the relationship between this
conjecture and the analyticity of the symmetric power L-functions. In the next lecture, we will
discuss the Ramanujan conjecture and the Selberg eigenvalue conjecture.

Let E be an elliptic curve over a number field F. For each prime ideal v of F where E has good
reduction, the number of points of £ mod v is given by

Nw)+1—ay
where N (v) denotes the norm of v and a, satisfies Hasse’s inequality
Jay| < 2(N ()2,
Thus, we can write
ay = 2N (v)/2 cos 8,
for a uniquely defined angle 6, satisfying 0 < 6, < w. The Sato-Tate conjecture is a statement
about how the angles 6, are distributed in the interval [0, 7] as v varies.

To study the distribution of the angles 8, attached to an elliptic curve, we have to consider two
cases. The first case is when the elliptic curve has CM (complex multiplication). This refers to the
well-known fact that the ring of endomorphisms of an elliptic curve E is either isomorphic to the
ring of ordinary integers or is an order in an imaginary quadratic field k. In the former case we say
E has no CM (no complex multplication) and in the latter case, we say F has CM.

Let us now look at the CM case. For simplicity, let us suppose that k is contained in F', the
field over which E is defined. Then, the sequence {6,,—0,}, as v ranges over the places of F, is
uniformly distributed in [, 7]. If F' does not contain k, the situation is a little more complicated
with a slightly different density function that has been determined (see [4]).

In the non-CM case, the distribution is unknown at present. We will show below that the angles

are not uniformly distributed when F' = Q. Sato and Tate (independently) predicted another law
of distribution for the angles 6,,. More precisely, they predict that

9 B
#{v:Nw)<z:0, € (,0)} ~ (—/ sin? Odﬁ) wr(x)
™ o
as z tends to infinity, where wp(z) is the number of prime ideals of F' whose norm is less than z.

2. UNIFORM DISTRIBUTION

We will begin with a general discussion of the classical setting for uniform distribution. A
sequence of real numbers {z,,} is called uniformly distributed (modulo 1) if for any pair of real
numbers a, § with 0 < a < 8 < 1, we have

#Hn<N: zn€(a,f)}~(B-a)N
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as N tends to infinity.
Theorem 1. (Weyl’s Criterion) The sequence {zy} is uniformly distributed mod 1 if and only if

for allm > 1,
Z 62mmmn _ O(N)
n<N
as N tends to infinity.
Proof. (Sketch) First suppose that the sequence is uniformly distributed. We will show the condition

is necessary. Let us observe that any continuous function f can be approximated by a linear
combination of step functions so that for any given ¢ > 0, we have

sup |f(z ZCZX[ )| <e,

z€[0,1]

where x1 denotes the characteristic function of the interval I. Then,

> flan) = ZCz 3" x1.(za) | + O(eN).

n<N n<N
By hypothesis,
> xn(@n) = w(I;)N + o(N),
n<N
where p(I) denotes the measure of the interval I. Now the sum

Z cip(1;)

is a Riemann sum and as our epsilon gets smaller, the sum converges to the integral

/01 f(z)dz

3 fan) —>/f

n<N
In particular, we can apply this to cos max and sinmax to deduce the required result.
For the converse, we approximate x;(z) by trigonometric polynomials (which can be done by the
Stone-Weierstrass theorem). In fact, one can be more precise. For any positive integer K, there
are trigonometric polynomials m(z) and M (z) of degree < K such that

m(z) < xr(z) < M(z)

Thus, we have proved that

with
Z ame27rimw’ M(x) — Z bme27rimz
|m|<K |m|<K
with
ag — b() = /,L(I) + O(I/K)
Therefore,

#n<N: zel}=> xi(za) = u()N +o(N),
n<N
as required. O
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Theorem 1 says that to establish uniform distribution of the angles 6,, we need to study the
exponential sums
Z 627rim01,_

N()<z

In the CM case, Hecke proved a theorem that implies that the series

o =T (1= 5G)

v

with y(v) = > extends to an entire function for R(s) > 1 and does not vanish there. The

same applies to L(s, x™) for each natural number m. Thus, we can now apply a classical Tauberian
argument to deduce the uniform distribution of the 6,. We briefly review the relevant theorem in
the next section.

3. WIENER-IKEHARA TAUBERIAN THEOREM

Theorem 2. Let f(s) = >.0° an/n’, with an, >0, and g(s) = > 1 bn/n® be two Dirichlet series

n=1
with |by| < ap, for all n. Assume that f(s) and g(s) extend analytically to R(s) > 1 ezcept possibly
at s = 1 where they have a simple pole with residues R and r (which may be zero) respectively.

Then
Z b, ~rzx

n<z

as x tends to infinity.

The classical application of this theorem is the deduction of the prime number theorem. Let
¢ o A(n)
f S) = ——\8) =
() == =305

where A(n) = logp when n = p° for some prime p and zero otherwise. Taking g(s) = f(s) in the
above theorem allows us to deduce the prime number theorem

ZA(n) ~ T

n<c

using the well-known fact that the Riemann zeta function does not vanish on R(s) = 1.

One can apply this theorem to L(s, x™) above and deduce the uniform distribution of the angles
after a routine application of partial summation.

In a fundamental paper written in 1970, Langlands [3] outlined an approach to the Sato-Tate
conjecture using the theory of automorphic forms. To simplify matters and notation, we will give
only a rough outline of this approach and relegate to later lectures the more precise details.

Firstly, Langlands suggested the automorphic viewpoint. Thus, the conjecture of Sato-Tate was
applicable in a larger context of modular forms, or more generally, to automorphic forms on GL(2).
For example, one could take the celebrated Ramanujan 7 function attached to the unique newform
of weight 12 and level 1, and write

11/2

T(p) = 2p™/* cos .

One expects the same Sato-Tate distribution for these angles 6, as well.
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Here is a brief description of the strategy of Langlands [3]. For each natural number m, put

where o, = 2™ g, = e~2"% Langlands indicated that the theory of automorphic forms predicts
that each L,,(s) should extend to an entire function. In fact, if each L,,(s) extends analytically
for R(s) > 1, and does not vanish there, then by the Tauberian theorem, the Sato-Tate conjecture
follows. Kumar Murty [4] showed that the non-vanishing hypothesis can be dispensed with because
a very elegant argument extending the classical one of Hadamard and de la Vallée Poussin allows
one to show non-vanishing from having analytic continuation to R(s) > 1.

In the case F is the rational number field, it is now a theorem due to Wiles and others that Li(s)
is essentially the L-function attached by Hecke to a classical cusp form of weight 2. Thus, in this
particular case, the Langlands conjecture is established. The non-vanishing of L;(s) on R(s) =1,
is a result due to Rankin. For m = 2, Rankin-Selberg theory allows one to deduce that Ly(s)
extends to an entire function for R(s) > 1. The continuation of La(s) to the entire complex plane
was established by Shimura [6] in the case F' = Q and in the general case by Gelbart and Jacquet
[1]. In very recent work, Kim and Shahidi [2] showed that L3(s) extends to an entire function and
later, Kim, showed the same for Ls(s). For the cases 5 < m < 9, Kim and Shahidi have shown
that L,,(s) extends to a meromorphic function for all s € C which is regular for R(s) > 1, except
in the case of m =9, Lg(s) may have a pole at s = 1.

Let us remark that Rankin’s result on Lo(s) is already sufficient to show that in the non-CM
case, the Sato-Tate distribution does not hold. Also, if Lg(s) were to have a pole at s = 1, then
the Sato-Tate conjecture would be false, as we will indicate below.

4. WEYL’S THEOREM FOR COMPACT GROUPS

Serre [5] gave the following reformulation of the Weyl criterion for uniform distribution in the
context of a compact group. Let G be a compact group and X its space of conjugacy classes. Let
p denote its normalised Haar measure. A sequence of elements {z,} with z,, € X is said to be
uniformly distributed in X if for every continuous function f with compact support, we have

> @)~ N [ g

n<N
as N tends to infinity.

Theorem 3. (Weyl’s criterion for compact groups) Let G be a compact group with Haar measure
p. A sequence {x,} is uniformly distributed in G if and only if

Z x(zn) = o(N)

n<N
for every irreducible character x of G.

The classical case in Theorem 1 corresponds to G = R/Z because in this case, the irreducible
characters are given by x — 2™,

Serre gave an interesting reformulation of this criterion in the context of L-functions. Let F' be
a field and for each place v of F, let x, € G. For each irreducible representation p : G — GL,(C),
we let

L(s,p) = Hdet(I — p(z,)Nv=%)71,
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Theorem 4. (Serre) Suppose that for each irreducible non-trivial representation p of G, the L-
function L(s, p) extends to an analytic function for R(s) > 1. Then, the sequence {zy} is uniformly
distributed in X if and only if L(s,p) does not vanish on R(s) = 1.

In the context of the Sato-Tate conjecture, one considers the group SU (2, C) where the conjugacy

classes are parametrized by
ed 0
X9:<O e_z'0>, OSOSW.
The image of the Haar measure in the space of conjugacy classes of SU(2,C) is known to be

2 sin? 0do.
Vs

The irreducible representations of SU(2,C) are the symmetric power representations p,, of the
standard representation p; of SU(2,C) into GL(2,C). We find that L(s, p,,) as defined above by
Serre coincide with L,,(s) defined in section 3.

Since tr p,,(Xg) = sin(m + 1)0/ sin @, the Sato-Tate conjecture is equivalent to the assertion

Z sin(m + 1)6,

= olme (@),

N(v)<z

for each natural number m. So far, this has been established only for m < 8 by the work of Kim
and Shahidi [2].
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