
NAGOYA UNIVERSITYNAGOYA UNIVERSITYNAGOYA UNIVERSITY

Fast Spherical Harmonic Transform
of FLTSS and its evaluation
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Fast Legendre Transform - Contents
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FLTSS
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The idea of fast transform (1)
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The idea of fast transform (2)

Evaluation of an N-term transform on K points

O(KN) by direct computation
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The idea of fast transform (2)

Evaluation of an N-term transform on K points

N-term evaluation on N points

O(N2) in direct computation

Interpolation from N points on K points O(K)
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The idea of fast transform (2)

Evaluation of an N-term transform on K points
N-term evaluation on N points

Interpolation from N points on K points O(K)

N/2-term evaluation
on N points

N/2-term evaluation
on N points

Addition of two vectors of size N O(N)

N/2-term evaluation
on N/2 points

N/2 points onto N points

N/2-term evaluation
on N/2 points

N/2 points onto N points O(N)
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The idea of fast transform (2)

Evaluation of an N-term transform on K points
N-term evaluation on N points

Interpolation from N points on K points O(K)

N/2-term evaluation
on N points

N/2-term evaluation
on N points

Addition of two vectors of size N O(N)

N/2-term evaluation
on N/2 points

N/2 points onto N points

N/2-term evaluation
on N/2 points

N/2 points onto N points

N/4-term
N/2 points

N/4-term
N/2 points

Addition size N/2

N/4-term
N/2 points

N/4-term
N/2 points

Addition size N/2

O(N)

O(N)

O(log N)
levels

O(K + N log N)

N/4 terms
N/4 points
N/4 to N/2

N/4 terms
N/4 points
N/4 to N/2

N/4 terms
N/4 points
N/4 to N/2

N/4 terms
N/4 points
N/4 to N/2 O(N)
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Speedup rates in flop counts

5.4152.85e-109.1142.62e-64095
2.7202.24e-103.9832.02e-61365
1.9031.37e-102.2811.52e-6511
1.5361.32e-101.8251.24e-6255
1.3761.13e-101.5971.16e-6170
1.2811.05e-101.4561.00e-6127

speeduperrorspeeduperror
ε = 10–10ε = 10–6

T
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Implementation of FLTSS
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First implementation (ver0.10)
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Improved implementation (ver0.20)
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Performance improvements?
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Application of FLTSS
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Applications of FLTSS
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Case 1: error and difference

Error: max 5m

Height 12 days: max 1000m Diff 10-10: max 10-6 m

Diff 10-6: max 10-2 m

α = π / 2

Difference from the original code is spread over the sphere
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Case 1: error and difference

Error: max 5m

Height: max 1000m Diff 10-10: max 10-5 m

Diff 10-6: max 0.5 m

α = 0

Difference larger and localized about the poles
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Case 1: devlp of difference
α = π / 2 α = 0

Abrupt increase at days 3 and 9 Linear but 10 times larger

0

5e-007

1e-006

1.5e-006

2e-006

2.5e-006

0 2 4 6 8 10 12
0

5e-006

1e-005

1.5e-005

2e-005

2.5e-005

3e-005

3.5e-005

0 2 4 6 8 10 12

Diff 10–10/org Linf

L2
L1

Diff 10–10/org Linf

L2
L1

days days
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Case 1: effects of time step

0

0.0005

0.001

0.0015

0.002

0.0025

0.003

0.0035

0 50 100 150 200 250 300
0

1e-007

2e-007

3e-007

4e-007

5e-007

6e-007

0 2 4 6 8 10 12

Height error L2
10–10

Difference L2
10–10

dt = 150

dt = 300
dt = 150

dt = 300

Difference is proportional to the number of transforms

hours days
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Case 3: error and difference

Error org: max 10–7 m

Height: max 3000m Diff 10-10: max 10–5 m

Diff 10-6: max 0.1 m

Difference larger than original error

α = π / 3
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Case 3: height errors ≈ differences

Error levels matches the approx/round-off errors
Nearly linear increase with time

Height errors L2

10–6

10–10

original

1e-014

1e-013

1e-012

1e-011

1e-010

1e-009

1e-008

1e-007

1e-006

1e-005

0.0001

1 10 100

Height errors 10–10

Linf

L2
L1

0

2e-010

4e-010

6e-010

8e-010

1e-009

1.2e-009

1.4e-009

1.6e-009

20 40 60 80 100 120hours
hours
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Case 3: expansion coefficients

Rapid decrease; the round-off level at n = 100
Filled by errors of approx error level for each m
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1
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Coef
1 hour

Coef
1 hour

ε = 10–6ε = 10–10

the maximum magnitude of the expansion coefs

n n
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1e-016

1e-014

1e-012

1e-010

1e-008

1e-006
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1
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1 10 100

Case 3: expansion coefficients

Filled by errors of the same level after long time integration

1e-016

1e-014

1e-012

1e-010

1e-008
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ε = 10–10Coef
1 hour

Coef
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ε = 10–10

the maximum magnitude of the expansion coefs
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Case 6: result and difference

Height 14days: max 6000 m Diff 10-10: max 10–3 m

Diff 10-6: max 16 m
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Case 6: devlp of difference

L2

Linf
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Diff 10–10
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Case 6: conservation analysis

+768� *+76+� *+76+� *������

+78;� ***7;2� **+7/1� **�
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 8789� +167//� +687/1� */����������

979*� +1979*� +1979*� +1�����
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 8721� 9 +7+.� 2 +7+.� 2������
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Turbulent flow: the equations
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1
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1
t

ψω 2∇=

ων 8∇−
Ω = 50 (earth), t = 1 (a week)

with ν = 10–38
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Turbulent flow: expansion coefs

Random field at t = 0
Very slow decrease: 10–2 at n = 170

0.001

0.01

0.1

1

10

100

1 10 100

ε = 10–10Coef
t = 0.05

n
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Turbulent flow: vorticity field
t = 0: max = 90

t = 0.9: max = 105

Diff 10–10: max = 4e-6

Diff 10–6: max = 4e-2
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Turbulent flow: devlp of difference
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Turbulent flow: conservation

+7.6� 2+7.6� 2+7.6� 2�����
���

+7;6� 8+728� 8+728� 8������

+/–8+/–+/
����:�/7.9

Approximation effects less than the hyperviscosity
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Summary at this point
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damping (weighted error control)
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Case 1: expansion coefficients
the maximum magnitude of the expansion coefs

1e-005

0.0001

0.001
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1 10 100
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Damping: weighted error control 

������
���%����"���
�&

���������
'�����
�

�= )()( µµ m
n

m
nm Pgg

� −≤− )()(
~

)()(~ µµµµ m
n

m
n

m
nmm PPggg

smaller coefficient larger approximation error
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Damping and scaling

E10D0

10 170
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1e-10

ε

n

Unscaled damping
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10 170
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1e-11

Scaled damping 
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Speedup of scaled damping

*72/.+7./;+79;;+71+2E11D2

*7196+7./2+79;6+71+.E11+3D1

*7*;6+76;6+7989+71+8E10D0

+18986*12++;/

Speedup with scaled damping --- only in larger transforms 

Speedup against direct computation of Legendre transform
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Case 1: damping effects on diff
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Case 3: height errors with damping
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Case 3: expansion coefficients

Rapid decrease; the round-off level at n = 100
Filled by errors of approx error level for each m
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Case 6: difference with damping
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Case 6: expansion coefficients
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damping effects less ... from rapid decrease of coef?
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Turbulent flow: expansion coefs

Random field at t = 0
Very slow decrease: 10–2 at n = 170
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Turbulent flow: devlp difference
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Summary
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