PEL-type Shimura varieties

T hey arise as moduli spaces for polarized abelian
varieties endowed with the action of a simple
algebra over Q and a level structure.

Thm.(Shimura) They are smooth and projec-
tive varieties defined over a number field.

The PEL-data:

e (B,x) is a finite dimensional simple algebra
over Q, together with a positive involution;

e (V,(,)) is a nonzero finitely generated left
B-module, together with a nondegenerate x-
hermitian Q-valued alternanting form.

e G/Q is the algebraic group of the B-linear
automorphisms of V preserving the pairing (,)
up to a scalar multiple;

e G; C G is the subgroup of the B-linear au-
tomorphisms of V' preserving the pairing (, ).
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Assumptions

e £ = Z(B) is a quadratic imaginary extension
of Q;

® xp IS complex conjugation,

i.e. x IS an involution of the II kind;

e p iS a totally split prime in E,

i.e. p=wu-u®and Ey = Qp;

e B splits at the prime wu,

ie. G(Qp) ~ Q;; X GLn(Qp).

e G1(R) ~U(g,n—q), with 1 <¢q <n.

Remark (in progress): The following results
generalize to all PEL-type Shimura varieties
which are unramified at p,

i.e. Bg, = II; M. (L;) for L;/Qp unramified Vi.




The cohomology of the Shimura varieties

Let U C G(A*°) be a sufficiently small open

compact subgroup.
Let Xi//E be the Shimura variety of level U.

YU C V Xy — Xy,

Vg € G(A™) : 9: Xy = X 11,

Let [ = p be a prime.
Def. HY(X,Q)=lim yHy(Xy xg E,Q)
They are representations of G(A*°) x Galg.

We study the above representations when re-
stricted to G(A®) x Wg,, where u|p, i.e.
H' (X, Q) |gax)yxwy, = 1M v Hey(Xu X g, Eu, Q).



T he main theorem

Thm. There is an equality of virtual represen-
tations of G(A*) x Wg,

S (-D)"HYX, Q)% = ¥ (—1)dFetflim 4, eb0f

—
n a7d7e7f

and

p .
ebol = Batd, _ oon(HEMES, Qi(~D)), HY (Ja, Q)
where
o D =dm XU,
¢ 7y CQp CQF x GLn(Qp) = G(Qp),
e the T, 's are abstract p-adic groups,;
e the cohomology of the Igusa varieties HZ(JQ, Q)
IS a representation of
To x G(A®P) x Q) /7y x W, /Iu,
e the cohomc_)logy of the Rapoport-Zink spaces
lim MH;;’(MZ?M,QZ) is a representation of



Sketch of the proof

e construct integral models X of the Shimura
varieties over Op, = Oy

RIM(Xx o, k(u), RW(Z/I'Z)) ~ RT (X x o, Eu, Z)I"Z).

e stratify the reduction X of the Shimura va-
rieties by locally closed subschemes X ()

Y-DPHIR.F) = (1) HUX . Figo),

a,]J

e define a foliation of X(® by closed smooth
subschemes Cs.

e define the Igusa varieties as finite étale Galois
covers Jo — Co = Cx_ C X(®), for a fixed .



e construct a finite surjective morphism

T Jo X Me — X (@)

invariant under the action of the p-adic group
Ta, S.t.

“(Jo X Ma)/Ta ~ X+

e deduce the existence of a spectral sequence

Hpy(Ta, HI(Jo X Ma, n*F)) = HPTU(X() 7).

e compare the pullbacks of vanishing cycles
sheaves

W*R\U(Z/ZTZ/X) =~ pERW(Z/lTZ/M)
e Observe that
H.(To, H.(Jo X Ma, p5RV(Z/I"7)) =
= Tory, (Hi(Ma, RV(Z/I'Z)), H.(Ja, Z/I'Z))
= Eaty, (H.(MB9, Z/I"L(-D)), H.(Ja, Z/I'TL)).
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The reduction of the Shimura varieties

Prop. If the level U C G(A*?) is of the form
U=UP(M)=UP x Z;; X {AEHandpM} C
C G(A®P) xQp x GLn(Qp) = G(A™),

then X7 has a proper model over O,,.
Moreover, if M = 0, X is smooth.

Rmk. As representations of G(A*) x Wg,

. X . . _
H'(X,L/I"LY" = lim vr, M Het (Xyo a1y X 0, Bu, L/ UL).

Fix UP C G(AP):
o X :_ XUp(O) X Oy k(u),
e A/X the universal abelian variety.

Prop. There exists a Barsotti-Tate group

G C A[p™]/X
of dimension ¢ and height n s.t.

Vo € |X|: O ¢ is the deformation ring of Gg.
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Serre-Tate Thm. O;\X is the deformation ring
of A.[p>] together with a polarization and an

action of Opg (maximal Z,-order of BQp)'
A[p™] = Alu™] & A[(u)™]

and the polarization on A gives rise to an iso-
morphism

Alu™] = A[(u)™]

as Op,-modules.

We fix an isomorphism

By ~ Mn(Eu) — Mn(@p)

s.t. Op, C By corresponds to the maximal
order My,(Op,) C Mn(Ey).

Let e € Op, be the idempotent corresponding
to the matrix with a1 1 =1 and O elsewhere.

Let G = eA[u®°]. Then G is a BT group and

A[uoo] ~ OBU ®0Eu g.




The NP stratification and Oort’s foliation

Let o be a Newton polygon of dim ¢q and ht n.
Prop. (Grothendieck) The set

X ={2€|X|IN(Gx) =0} C X

IS locally closed.

Let > be a BT group, N(X) = «a.
Prop. (Oort) The set

Cs ={z € |X||Ge ~ X x k(z)} c x(@)

IS closed and as a reduced closed subscheme is
smooth.

Rmk. The action of G(A>®P) on X preserves
both the NP stratification and Oort’s foliation.



Complete slope divisible BT groups

Prop.(Grothendieck, Zink) Let S be a smooth
scheme of char p, and H/S a BT group with
constant Newton polygon.

(1) H is isogenous to a c.s.d. BT group en-
dowed with a slope filtration.

(2) If S = Speck, for k a perfect field the
slope filtration of a c¢c.s.d. BT dgroup canoni-
cally splits.

Let o be a Newton polygon of dim ¢q and ht n:
e 1>)X\ > .- >0 the slopes of «,
e >,/F, a c.s.d. BT group with N(X4,) = a.

e >, = ®; X" for X" slope divisible isoclinic BT
groups of slope A;.

o To = QIsog(Xa) = Is0g(xa) ®z, Qp,

To = II; Mr,(D;), where D;/Q, are finite dimen-
sional division algebras.
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The Igusa varieties
Let Coq = Cyx_ be the leaf associated to 2.

Prop.(Zink) The universal BT group G/Cq is
completely slope divisible with slope filtration

0CGI C---CGy=¢g

where
e §'=G;/G;_1 is s.d. isoclinic of slope };,
o Vz € |Cyo| 1 GL ~ 3" X k().

Def. The Igusa variety Jom Of level m > 1 is
the universal space for the existence of isomor-
phisms

L T p™] ~ G'[p™] Vi=1,... .k

étale locally extendable to any level m' > m.

Prop. (1) Jam — Cq are finite étale Galois.
(2) T'a = Aut (X 4) acts on the Igusa varieties

Vy=(")ETa: (A dh) = (A o pm):
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et Jo,ur.m be the Igusa varieties of level m
over Ca,Up C XUp(O).

Prop. (1) There exists an action of the group
G(A>P) x QF on the Igusa varieties J, yp m,
Vg € GATP) x Qp  Jaurm = Iy g-10pg.m

compatible with the action on the Shimura va-
rieties.

(2) There exists a submonoid 'y, C So C Ta
S.t.

(i) the action of ', on the Igusa varieties ex-
tends to an action of Sg,,

(i) T = (Sa,p, fr) and p~ L, fr=1 € S,.

Prop. The cohomology of the Igusa varieties
HI(Ja, ZJU'L) = lim UpmHL(Ja, e m X ey b (W), Z/1'L)
IS a representation of

To X G(A™P) x Q) /2y x Wg,/1Iu.
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The Rapoport-Zink spaces

For each «, we consider the RZ spaces associ-
ated to the BT group 2_,.

They are rigid analytic spaces over E;" which
arise as moduli spaces for BT groups endowed
with a quasi-isogeny from 2_, and a level struc-
ture.

Let V C GLn,(Qp) an open compact subgroup.
Let M”g be the RZ space of level V.

To = QIsog(>,) acts on the RZ spaces
Vpe€To: (H,B)— (H,B0op)
Def. The cohomology of Rapoport-Zink spaces
lim VH’“(M”g X pur Bu, L/1"L)
is a representatlon of Ta X GLn(Qp) x Wg,,.

Prop. Let V = {A =1, modpM}, M > 0.

Then M”g has an model M, p; over Spf O pur.
I\/Ioreover |f M = 0, the formal scheme Ma,O
iIs formally smooth.
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The morphism

Let My = Ma 0 X O gur k(u).
Prop. (Rapoport-Zink) Let x € |Cy| and fix an
isomorphism ¢ : 24 ~ G,. There exists a map

fo 1 Ma = Isoga C x(@) k(u)
s.t. (Za,1) € |[Mq| maps to z € | X(®) x k(u)|.

Idea: The “isomorphism” leaves C, and the
“isogeny’ leaves [sog, are two orthogonal di-
rections inside X(®) j.e.

“Cp X Isogy ~ X (@)«

Def. (truncated RZ spaces) Vn,d, the set
Mg’d = {(H,B) € |Ma||p"B, p?—"p~1 are isogenies}
is closed in Ma.

Rmk: f¢|/\7zg’d depends only on the restriction

By - Zalp?] = Galp].
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Lemma. Let G be a c.s.d. BT dgroup with
slope filtration 0 C G; C --- C G = G.
Then Vd>1, dN,; > 1 s.t. canonically

g ~ 16" @Y vN > N

Main Constr. YVm,n,d, N s.t. m > d, N > d,

3wy Jam X MY X x k(u) st

e 7y IS finite and surjective for m,n,d > 0O,
o Vm' >m, TN o (g m X 1) = 7y,

! g/
evn'—n>d —d>0, myo(lxil ) =my,
) TN41 — (FT)B( X 1)O7TN,

e Vp € Sa, myo(p X p)=mnN.
e mn COmmute with the action of Frobenius.

Prop. Yz € |X(®)], the fiber N~1(z) = {7y (z)} N
IS a free To-principal homogeneous space.
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The spectral sequence

Let £ be an abelian torsion sheaf over X(&),
with torsion orders prime to p (e.g. L =7Z/I"Z,
RV (ZJI"Z)).

Prop. (1) For all m,n,d the sheaves

F® = (Friy < 1) (mp)i(rn ) (Friydy x 1)i(L)
form a direct limit;

(2) the sheaf F = Iim Fd s endowed
2 myn,d

with a smooth action of T, and a morphism
F — L,
(3) for all points z in X()

Fp=C®(N" (), Lz) ~ C— I”d{l}(ﬁw);

(4) If £ is endowed with an acton of W, then
JF is also and the two actions are compatible.

Prop. There is a WQp—equivariant spectral se-
quence

B = Hp(Ta, HI(X'®), F)) = HEYU(X(Y 1),
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Suppose L is a ["-torsion sheaf.
Let po @ Jam X Mg’d — M, be the projection.

Prop. (Kiinneth formula) If 7*£ ~ p3D, for a
sheaf D/ M., then

P Torh (H:(Ma, D), H(Ja, Z/I'L)) =
s+t=q

— Hg'HJ(X'(Oé), L)

(e.d. L=7Z/I"Z and D = Z/I'Z.)

Let far @ Xy — X between Shimura varieties,
and £ = R‘V(fM*Z/lTZ/XM)|X(a)-
Let gps 1 ML9, — Mg® between the RZ spaces.

Prop. There exists a system of WQp—equivaria nt
iIsomorphisms

71'*R\V(fM>|<Z/lTZ/XM)|)‘((oz) =~ pERW(gM*Z/lTZ/Ma,M).
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Lifting to formal schemes over Z"

Let X = X;\- and €, = X

Let Ja,m — €a be the fini e etale Galois covers
corresponding to Jam — Ca.

Let Xy — X and M, yy — My be the spaces
with structure of level M at p.

Let Y/Spr”"", 7 an ideal of definition of Y,
p €. Then Y(t) = Z(Z') over Z3"/p".

e For any ¢, when m,N > d,t, the morphisms
TN . Jam X /\/la — X(@) |ift to some mor-
phisms

T (1) 1 (Tam x MED) () — X(t)
s.t. wn()*(Xyn) =~ pa(t)*(My/2), and also
TNt —1) = mv(t - 1).
e For any affine open V C Jam X MZ’d, the
morphism 7TN(75)|V lifts to a morphism
Ty V=X
s.t. 7T§"/7t(%t/2) ~ pEW(./\/la,t/z).
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Comparing vanishing cycles

Prop. (1) If t/2 > M, the morphisms Ty, give
rise to some Wg, X Ta X G Ln(Qp)-equivariant
isomorphisms over V =V x F,

W*R\U(fM*Z/lTZ/XM)H—/ ~ pERW(QM*Z/lTZ/Ma,M)|V-
(2) VM 3ty such that the above isomorphism
piece together, for t > tg.

Rmk. As M varies, the above sheaves form
a system with an action of (GLn(Zp),pln) C
GLn(Qp). By introducing many more models
one is able to recover the action of the whole

group GLn(Qp).
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The cohomology of the RZ spaces

Let T be an admissible QQ;-representation Ty X
Wg, (e.9. M= HE - (Jo,ur, @), for some g > 0).

Thm. (1) All the representations appearing

below are admissible.
(2)There is an equality of virtual Z/I"Z-repre-

sentaion of GLn(Qp) X Wo,
m Tory, (HE (Mg v, RPV(Z/1'Z)), M) =

3

|

v Bzt (H'(M“g x Ey,Z/]I"7(—D)), N).

||
lE
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