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The problem:

Express the completed local ring of a point
on a PEL moduli space so that strata de-
fined in terms of Frobenius, or in terms of

endomorphisms, can be calculated.

Rephrased:
How to write the universal display in the

case of a PEL Shimura variety?

We shall present a method to do that, and
also be able to reconcile the crystalline and

the display approach to deformation theory.



Throughout we deal with positive
char. p and equi-characteristic
deformations to local artinian k-

algebras with residue field k




Well Known Examples
Let A/k be a g-dimensional abelian variety

in char. p.

Siegel case: A is principally polarized.

Hilbert case: O; — End(A), where L is

totally real, [L: Q] = g (4 pol'n datum...).
Quaternion case: ¢g=2, O < End(A),

O is a maximal order of an indefinite quater-

nion algebra B/Q.



T he Siegel case
The deformation space as PPAV is

Spf k[[t;; - 1 <4,5 <gll/({ti; —t;i})
Take sympl. basis {z1,...,2q,¥y1,-
HZ.,s(A/W(k)), such that

z; € Ker(V), y; € Ker(F) (mod p).

If Frobenius on Hg.,.(A/W(k)) is given by

(égg) then the universal Frobenius is

A4+TC pB+ pT'D e
( C pD > ’ T = (T’L])7
where T;, is the Teichmuller lift of ¢;;.
(A+TC (mod p) is the Hasse-Witt matrix.)

Note that in this perspective the kernel of
Frobenius mod p is constant.



The inert Hilbert case
As in the Siegel case, only that one chooses
the x; and the y; to be eigenvectors for the

O; ® k = k9 action. The defor. space is
Spf k[[t;; - 1 <4,5 <gll/{ti; i # j5})

Frobenius is given as above (A, B,C,D are

sub-diagonal), but T is diagonal.



The maximally ramified Hilbert case
Write O ® k = k[T]/(T9), and let i > j
be such that HO(A, Q%/k) = (THa ® (T7)3,
where a A B is a unit. Let

a = Zg_:lo as1®, ¢c= Zi_:lo cs'®,
b=YI_4bsTS d = YI_1dsT5

Then the defor. ring is

Spfk[[a,b, c, d]]/((T'a+ac+bB)A(T? B+ca+dB3)).

The universal Frobenius is given w.r.t. the

basis {«a, 8} by

A B 1+Tfjd0 —T—J’cff
C D T~ 1 4T"%%)°

where T is a lift of T to Oy ® W (k).



Note that there are 2¢g variables and g equa-
tions ~~ much more efficient than getting it
from the Siegel case (g(g+ 1)/2 variables);

also, evident that |.c.i..



The quaternion case
Assume p ramifies in B. Let m € O®Zyp such
that 72 = p, conjugation by 7 induces a non-

trivial automorph. on W(Fpg) C O®Zyp, and
O/pO = F2®F o

This can be related to (any) inert Hilbert
case O, ® Zp = W(sz). Let R = O/p0O.

0 1 o~
Case 1. If HY(A, QA/k) = szﬂ'@Fpk as an R-
module then the universal deformation ring
is defined by the ideal (t1t») and Frobenius

IS given by restriction.



Case II. If HO(A,Q}W) = (Fp @ Fpr) @, k
then the deformation space is smooth and
given by either (¢t1) or (¢») according to the

representation of Oy on [Fy.

It can also be related to the maximally ram-
ified Hilbert case. Case I is the case j =1
and ag = dg = 0,bgcg = 0, and Case 1II is

73 =0 and ag = a3 =cg = 0.



How to calculate in general the uni-
versal Frobenius and get a descrip-
tion for the endomorphisms?



Grothendiecks’ Theorem (special case).
Let R be an artinian local k-algebra with
residue field k, such that mp is equipped
with divided powers structure. There is an

equivalence of categories

(A, Fill), A/k ab. var.,
Fill a free direct factor

of D*(A)r extending the
over R Hodge filtration on A

abelian
schemes | <«

Here D*(A) is the Grothendieck-Messing crys-
tal whose value on R can be calculated as

Hln(A'/R), where A’ is any deformation of

A to R.



Local Models

Grothendieck’s theorem implies that at least
for some level of truncation the completed
local ring of a point on a PEL moduli vari-
ety, that is “p-prudent”, and the completed
local ring of a point on a suitable flag variety

are isomorphic.

T hat this holds without truncation was shown
for various moduli problems and for vari-
ous level and endomorphisms structures (De
Jong, Deligne, Pappas, Rapoport, Zink and
others). However, it is important to note

that the isomorphism is not canonical.



Examples

LLocal structure of the Grassmann variety
G(g7 V)7 G(<_7 _>r g, V), G(E, <—, —>, g, V) . ..

Let W C V be a point. Choose U such that
V=WaoU.
An affine neighborhood of W is
Hom(W,U) = Hom(W,V/W)
(to f associate its graph).
If we have a perfect symplectic pairing on V

such that U, W are isotropic, then an affine

neighborhood is

Hom (W, U)®Y™"™ = Hom (W, V/W )%y



If we have endomorphisms E this may fails.
It is not always true that an affine neigh-
borhood is given by Homg(W,V/W) (as the
example of the ramified Hilbert case shows).
However, it is true that the tangent space is
given by Homg(W,V/W), which in our ap-

plications is Hom g (tY, t4¢).



T he Siegel case
An affine neighborhood is Hom (W, U )symm
and upon choosing coordinates we get that

the completed local ring is

Spf k[[t;; 1 1 <4,5 < gll/({tij — tji})-

The Hilbert inert case

In this case O;, ® k = k9 and the conditions
imposed in the moduli problem give that
both t}%,t,: are free modules of rank 1 over
O ® k. We find that the completed local
ring is

Spf k[[t; 1 <i<g]l.



The Hilbert maximally ramified case
Choosing a basis o, 3 to H1,(A/k), we have

HO(A, Q3 ,) = (THa @ (T7)8
and we choose
U=Span(a,Ta,..., T 1a,8,78,...,77713).

Note that U is usually not Oy invariant.

A map f is described by its effect on the
generators:

T'a— T'a + aa + b8, T8 — TI8 + ca + df3.
The condition of the pairing is that

(T'o+ acc+b8) AN (T3 4+ ca+dB) =0

and it turns out that this implies the image

is also Oy, invariant.



About universal objects
The local model tells us over which ring the
universal display lives. Once we construct a

display how do we know it's universal?
Suppose a functor F is representable by an
object .#. Then exists

h: Mor(—,.#) — F(-).

Given h, we get a universal object

Wt S ).

The set of (universal) objects is a p.h.s. un-

der End(.#) (resp. Aut(.#)).



In the situation at hand

where 533 IS a complete noetherian local
ring. We shall use that for such a ring R,
f . R— R, a local homomorphism, is an

isomorphism if f(mgp/m%) = mp/m%.



Displays
Let R be a ring and Ir the augmentation

ideal of W(R). A display over R:

L ®IRT L®T proj. W(R)modules

For z € P,w € W(R), V- 1(Vwz) = wFz.
One also imposes a certain nilpotency con-

dition and other technical conditions.



If A/k is an abelian variety over a perfect
field and M is its Dieudonné module then

(M, VM,F,V—1) is a display.

One can recover the Grothendieck crystal

D* from the theory of displays.

One can recover the Cartier-Dieudonné mod-

ule of formal curves from the display.

Yet, it is amenable to computations.



Zink's Theorem:

Let R be an excellent local ring (e.g. a com-
plete local ring), or a ring such that R/pR
iIS an algebra of finite type over a field k.
Assume that p is nilpotent in R. Then the
category of displays & over R is equivalent
to the category of formal p-divisible groups

4 over R.



Calculating the universal display

$ It lives over the completed local ring com-

ing from the local model which is G(E, {(—, —),g,V).

& Every display D = (P,Q,F,V—1) has a
Hodge filtration

0 C Q/IRPCP/IRP.

& Let Dy = (Po,Qo, Fo, V5 1) be a display
over k. There is a universal display DH”‘V =
(PyNIV Quniv puniv y=1univy - \whose Hodge
filtration agrees, at least on the tangent
space, with the universal flag of the Grass-

mannian. Meaningful because of crystalline



nature of displays that gives over the crys-
talline site, so for k[e¢] deformations, an iden-

tification Pc‘)m'V = PO”V.

& The specialization map of the universal
display to any other display induces a spe-

cialization of Hodge filtrations.



Some clues

In the Siegel /Hilbert unramified case we have

(A+TC BATDY) — (

c "D 01
=(67)[(@8) (67 )] (6 7T)
That is, the universal Frobenius can be thought
of as Fo¢_1, where F' is the original Frobe-
nius, 1 is given by (é‘f), and we per-
form a change of basis. Note: the kernel
of Fo~1 modulo p is the universal flag

and the change of basis trivializes it.

In the Hilbert maximally ramified case

A B\ [(14+T7Id° —T7Ic°
C D 7% 14T’



A technical lemmma

Let D = (P,Q, F,V~—1) be a display over the
completed local ring of the local model (for
subspaces of Py/pPy), deforming Dg, and
such that its Hodge filtration is the univer-
sal flag on the level of the tangent space
(mod m%), under the canonical identifica-
tion between P and P§V over this thicken-

ing. Then D is a universal display.

(\/\/e denote byD’cc)riv — (pc’)criv) Q’E)riv’ Fé:riv) Vo—ltriv)
the trivial deformation of the display D).



Example of a general theorem (we
hope...)

In the Hilbert maximally ramified case in-
deed

(A B) (1—|—T__jd,‘7 —T7 o >

C D —T7%° 14T "’
IS a universal display.

The twist here is that the map

14T77d° —T77¢°
—T7% 14T’
is only defined on P§"V ® Q. Yet it works.
One check that it takes QB”V to a submod-

ule that reduces mod Ip to precisely the



universal flag and one can prove that all the

conditions required of display are satisfied.

Note that the original approach to displays,
in which the Hodge filtration is constant,
turns out to be a Herring, because, for ex-
ample, in the case at hand it is impossible
to achieve such a display on which the Oy,
action is extended linearly from the special

fiber.



A easy sample application
T he structure of the supersingular locus for
g = 2 around a superspecial point in the

maximally ramified Hilbert case.

One can prove that one can take

(28)=(2%) o (33).

if =20, resp. 5 = 1.

The completed local ring is accordingly

Spfk[[co, c1]]l, SpfE[[ag, bo, co, dol]l/(apo+do, agdo—boco,

and the universal Frobenius mod Ir is ac-

cordingly

((1) 0 T) ( —bg ag—I—T)
—CA— D .
co—c1s /7 do+T —cg



One checks from first principles that a de-
formation is supersingular iff TF2 is zero

mod p.

This implies in the first case that ¢cg = 0 and
in the second case a certain set of equations
defining p+1 lines through the origin on the

cone ag + dp, apbg — codp.



\



