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Introduction

Discrete dynamics is a complete and self-contained
theory of dynamics

Time is regarded as a discrete variable ab initio
The scope and structure of the theory is identical
to that of Lagrangian and Hamiltonian mechanics
Time-integrators are a byproduct of the theory
Discrete dynamics possesses a Noether’s thm

Variational integrators are symplectic and energy/
momentum conserving

Veselov (1988); Marsden and Wendlandt (1997)

Michael Ortiz
Marsden 2002



Classical Lagrangian mechanics
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e Q = Configuration manifold, e. g., Q = E(n)¥

TQ = Tangent bundle

L :TQ x R — R = Lagrangian

S : Qlabl s R = Action integral,

b
S — /
a/

Hamilton’s principle:

L(q(t), q(t),t) dt

0S = 0,

q(t)

6q(a) = dq(b) =0

varied curves
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Lagrangian mechanics — Noether’'s thm

e G =Liegroup, T.G = Lie algebra
o Leftactionof GonQisd : G X Q — Q s.t.
) P(e,q) =q, VqeQ
i) ®(g,®(h,q)) =®(gh,q@), YgEQ, Vg,h€G

o Generator: Given § € TeG, o € TQ s. t.

Eo(a) = & [@(exp(16), @)l o

e Momentummap: J : 7Q xR - T;G s.t.

(J(q,4,t),8) = (p,&(Q)), | VE € TG
i’{%ﬁ; Michael Ortiz
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Lagrangian mechanics — Noether's thm
Theorem (Noether’'s theorem) Let QQ be a smooth man-
ifold and G a Lie group actingon Q. LetL : TQ xR —
R be a Lagrangian invariant under G. Then the mo-
mentum map J is a constant of the motion.

Examples:

) Linear momentum: Q = E(n)Y, G = E(n).

d(u,q) = {q1+u,...,qy+u} = translations.
Momentum map: | J = ¥V, p,

i) Angular momentum: Q = E(n)Y, G = SO(n)
®(R,q) = {Rqq,...,Rqy} = rotations.
@ Momentum map: |J = SN . g, X p,
L 3

& 2 Michael Ortiz
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Conservation of energy - Spacetime

a

e Q =R x @ = Spacetime configuration manifold
o L((q0,9), (46, 4)) = L(a,9'/96, 90) 46
= Spacetime Lagrangian
Examples:
i) Energy: Q =R x Q, G=R.

® (¢, (g0,9)) = (g0 + &, q) = time-shift.
Momentummap: J=L—-—p-gq=—F

e ;H Michael Ortiz
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Time integration — ODE approach

e Euler-Lagrange (semidiscrete) equations:
4oL oL,
dtoqt  0q"
e Discretize in time as a system of ODEs
e Example: L = (1/2)¢'' Mg —V(q, 1),
Newmark algorithm:
Ant1 = qn + Dtvn + At2[(1/2 — B)an + Ba,11]
VUpt1 = On + AL[(1 —v)an + vay,41]
Ma,41+ DV(qpt1,tnty1) =0

*@‘ Variational structure neglected, no Noether's thm!

f w Michael Ortiz
“E_{"Fﬁ” Marsden 2002




Discrete Lagrangian mechanics

e Vesselov (1988), Marsden and Wendlandt (1997)

o L;:Q x Q — R = Discrete Lagrangian,

tk—l—l
L= / (q(2), q(t)) dt
N-1
[ Sd : QN_I_]' — R = Action sum, Sd — Z Ld(qk7qk—|—l)
k=0

e Discrete Hamilton’s principle: | 4S; = O,
5q0 = 5qN =0 Aart varied discrete curves

o “ ; Michael Ortiz
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Discrete Lagrangians - Examples

e Restrict S to piecewise-linear trajectories: Lg =

e t — g dk+1 — 9k
/ L( 2= q qr41; + dt
ty b1 — Uk b1 — g te+1 — Uk

e Generalized midpoint rule (GMR):
Lg= (tg41—tx) L ((1 — a)q + agpy 1,

qQr+1 — Qk>
41 — Tk

o Generalized trapezoidal rule (GTR): Ly = (tg41 — tg) X

di+1 — 9k dr+1 — 49k
{(1_04)L(CI]<:7 t ) IaL<qk+1, T )}

tp41 — Tk tp11 — Tk

{_4;.'\- -!'q‘}
f . Ea-__H Michael Ortiz
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Relation to Newmark’s algorithm

e Kane, Marsden, Ortiz and West (2000).

Theorem (Shadowing property) Let L = (1/2)g' M ¢—
V' (q) and let{q, } be a trajectory of the GMR discrete
Lagrangian with At = constant. Then, {(1 —a)q;, +
aqyy 1} satisfies Newmark’s algor/thm with~y = 1/2
andf=ao(l—-«a). T 7 7 [= e

—a— Nwmktjcty
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Variational structure of Newmark

Theorem. Let L = (1/2)¢' Mg — V(q). Let
n(q) = q— BAt*M 1DV (q)
Then, there exists a function V : Q — R such that

DV (n(q)) = DV (q)

Lety = 1/2 and At = constant. Then, Newmark’s
algorithm is variational with discrete Lagrangian

La(ar: qp+1) = La(n(ar) n(gr41))
where Ly(qy, qi+1) is the GMR discrete Lagrangian

o, for L= (1/2)¢' Mq—V(q).
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Discrete Noether’'s theorem

e Discrete Euler-Lagrange equations:

D1Lg(qp, qga1) + DoLy(qr_1,q9;) =0
e Discrete Momentum map: J;: Q x Q — TG s.t.

(Ja(qr, ar+1),&) = (D2Lg(qr, qr+1),$0(qk+1))

Theorem (Discrete Noether's theorem) Let Q be a
smooth manifold and G a Lie group acting on Q. Let
L;: Q x Q — R be a discrete Lagrangian invariant
under GG. Then the discrete momentum map J; Is a
constant of the discrete motion.

..f,;'-.*f'"‘-"i TG
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Discrete Noether’'s theorem

Examples: L = (1/2)¢' Mg —V(q), L;=GMR
) Linear momentum: Q = E(n)Y, G = E(n).

b(u,q) ={q1+u,...,qy+u} =translations.
Discrete momentum map:

N k+1 _ _k

Jd — Z maqa qa

i) Angular momentum: Q = E(n)Y, G = SO(n)
®(R,q) = {Rqq,...,Rqy} = rotations.
Discrete momentum map:

N gitl — gk
.-f\-',h.‘;“'“-l'l- e f%?; : a’ CI/
:% ;f Jd Z qa A Ma t L1 — t L ichael Ortiz
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Global energy conservation - Spacetime

e Kane, Marsden and Ortiz (1999)
i) Energy: Q =R x Q, G=R.
L((q0,9), (45, 9")) = L(q,4'/ a5, 90) a5

® (¢, (g0,9)) = (g0 + &, g) = time shift.
Discrete momentum map:

Il
Jq = ((tka qk)7 (tk—l—la qk—l—l)) = —Fby
Otg41

L=1(1/2)¢"Mqg—-V(q), L;=GMR:

T
1 _ _
g, =t <Qk+1 Qk> M <Qk—|—1 Qk) V (qhrn)
+$%H 2 \ tpaq — g te4+1 — Tk | |
; | {"ﬁ; 8 Michael Ortiz
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Spacetime — Time adaption

o Spacetime: Q =R x Q, L((q0,9), (gh,q")) =
L(q,4'/q5,90) 40

e Additional discrete Euler-Lagrange equation: 0 =

oL oL
W:((tk, q1), (ot 1, 41) ) +—d<(tk—1, Q—1), (t> qi))

Oty
Eq((trr @i)s (15 @ht1) ) = Batr1, a6-1)> (e a1

e Conservation of energy furnishes additional equa-
tion which determines ¢4 1 = Time adaption

e Conversely, energy conservation requires time adap-

«5=  tion (Ge and Marsden, 1988)
xf%:* Michael Ortiz
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Spacetime - Time adaption

e Kane, Marsden and Ortiz (1999)

e Example: GMR, coupled two-well and harmonic
potentials:

L((z,), (&, 9)) = LW (=, )+ L (y, 9)+ezy

<

Sv . ;{:H Michael Ortiz
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A h Variati | Int t
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e Lew, Marsden, Ortiz and West (2002)
e Assume decomposition into subsystems:

L(qaéIat): Z LK(qKaéIKat)
KeT

where: i) g € Q = submanifold of Q

e Endow each subsystem with its own clock:

Lo= Y LE((th, aho), (151, g5 )
KeT
e Subcycling: T. Belytschko, T. J. R. Hughes, W. K. Liu,
g P. Smolinski. . .

& E# Michael Ortiz
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AVls — Local energy balance

e Local Energy:

oLY
K __ d K _K K K _ K
Ji = % ((tk 4k ) (tk—|—17qk—|-1)) = —E,

e Local energy balance:

K K K K K — K K K K K
Ly ((tk 4 ), (tk—|—17qk—|—1)> = Ly ((tk—laqk—1)7 (t 5 qy, ))

e |Local energy balance equation furnishes additional
discrete Euler-Lagrange equation for t’;gH

o Alternatively, set Aty based on Courant (stabil-
ity) condition

3% ;J Michael Ortiz
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AVls - Example
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Apache AH-64 Helicopter
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Apache AH-64 Helicopter
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w = 40 rad/s

e 10-node tets, slivers!
e AVI, trapeziodal rule
e Element time step: Courant condition
2

wb” = 1.96, 3.08,12.3

CsW Michae! Ortiz
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Apache AH-64 Helicopter

logq1o # of calls — T [ [

71727374757.67.77.87.98.081

e Max/Min # of calls/element = 235x10°/12x10°

e Jotal # of element calls:

- AVI:85x10° }
7 - Newmark: 490x10°

Speed-up = 5.8

Michael Ortiz
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Apache AH-64 Helicopter

STABLE CASE

UNSTABLE CASE -1

3 T 20 I T T T
= 257 | = 15| 1
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*wlt/csw=196 wlL/csw=3.08
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# of revolutions # of revolutions
UNSTABLE CASE - i 2000 _ UNSTABLECASE -l
5 T T T T T
24| | i Element energy
S 4 1500
E’ 3 7 = /
E 1000
5 C | | =
ISR 2 . 1 500 1
LWl fesw=123  Element-energy imbalance
0 20 40 60 80 100 120 140 160 180 0 . . . . , : . ,
# of revolutions 0 20 40 B0 80 100 120 140 180 180
# of revolutions
«7= AVl calculations, global and local energy histories
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Concluding remarks

e Vs are symplectic (Wendlandt and Marsden, 1997;
Marsden, Patrick and Shkoller, 1998)

e Convergence of Vis and AVIs has been estab-
lished by forward error analysis (Marsden and West,
2001; Lew and West, in preparation)

e Extensions to dissipative systems are possible
(Kane, Marsden, Ortiz and West, 2000)

e ViIs and AVIs can be extended to PDE’s using
multisymplectic geometry (Marsden, Patrick and
Shkoller, 1998; Reich and Bridges, 1999; Lew,

QJ_R Marsden, Ortiz and West, 2002) N
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Concluding remarks (cont’'d)

T R R

e Energy-momentum-preserving contact algorithms
(Fetecau, Marsden, Ortiz and West, 2002)

e Applications to fluids, molecular dynamics, shock
physics, general relativity, in progress. ..

e ;H Michael Ortiz
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