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outline of the talk
Sym —— Qlx,, %55, X, ]

Symmetric polynomials:

P(Xl, x2’ ceey xn) — P(XG(I)’ xG(Z)’ R xG(n))

Where in Math do we see that'!
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outline of the talk
Sym — QSym —— Qlx, %55, X, ]

Symmetric polynomials:

P(Xl, xz, ceey xn) — P(XG(I)’ xG(Z)’ R xG(”))

Where in Math do we see that'!

Quasi-symmetric polynomials:

O'*X;x = X,

o./

P(x,, x5, ..., x,) = 0% P(xy, X5, ..., X,)

Where in Math do we see that'!
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more realistic

outline of the talk

Sym <= Qlx,, x5,..., X, |

Symmetric polynomials:

P(xb X2, ceey 'xn) — P(xG(l)’ 'XG(Z)’ R xG(n))

Where in Math do we see that’!

Quasi-symmetric polynomials:

o o
o*X; = X,

P(x,, x5, ..., x,) = 0% P(x}, x,, ..., x,)
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Roots of a polynomial

PR)=72+1z-2 =@k-1D(z+2)

1=-1+2 2 =(-1DQ)

P(z)=722+bz+c=(z-x)(z-x,)

b—-x - % c=(-x)(-x,)

x,=-b+\b2-4c
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Roots of a polynomial




Roots of a polynomial

P(z)=7"-e, 2" +e, 72 - ...+ (-1)"e,

=(2-x)) (2-x) ... (z-x,)

ek= Z X' X' coe X'
1
l=lbb=.. =




Roots of a polynomial

P(z)=7"-e, 2" +e, 72 - ...+ (-1)"e,

=(2-x)) (2-x) ... (z-x,)

e — )3 X x zﬁ‘b

. . I D g
b= <0

Why do we care to know this?

D=0 ¢ > P(z) has two g



Sym: Symmetric Polynomials

Variables: x, x,, ... , x

n

Permutations of n:
o:{1,2,...,n} —{1,2,...,n} Dbijection

Action of symmetric group on polynomials
G. P(xy, X5, .oy X,) = P(Xg51y5 X2y -5 X))

Example P(x,, x5, x3) =X, + X, X3 -4 X,

1 23
P(xy, x5, X3) = X5 + X, X, -
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Sym: Symmetric Polynomials

Variables: x, x,, ... , x

n

Permutations of n:
o:{1,2,...,n} —{1,2,...,n} Dbijection

Action of symmetric group on polynomials

O. P(.X'l, X9y eees ’xn) = P(XG(I)’ x6(2)9 ey xc(n))

Symmetric Polynomials

P(xl’ X2, ceey xi’l) — P(XG(I)’ ’xG(Z)? e ’xG(I’l))

For all permutations G
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Sym: Symmetric Polynomials

Symmetric Polynomials

P(.Xl, x2, coey xn) — P(x('j(l)’ ’xG(Z)’ ttt xG(n))

Example e, =x+x,+..+x

n

X

n-1"n

€= Xy Xy X X3+ X X3t o+ X X+ X
2
€1
Any polynomials in ¢, e, ..., €
Vv

/

Elementary Symmetric polynomials

ny
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Sym: Symmetric Polynomials

Symmetric Polynomials

P(.Xl, xz, coey xn) — P(XG(I)’ ’xG(Z)’ ttt xG(n))

Invariant under the action

Set of all symmetric polynomials
Y polynom / of the symmetric group

Sym,, = Qlx,, x5, ..., xd@= {Plc.P=P}

/

Set of all polynomials with
rational coefficients
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Sym: Symmetric Polynomials

Sym, = Q[x, x5, ..., X, ] on = {Plc.P=P}

Fundamental Theorem (Newton)

Sym = Qle. e, .. €]

13
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Sym: Symmetric Polynomials

Fundamental Theorem (Newton)

Sym —Qle,. e, .. el

P(z)=7"-e, 2" +e, 7% - ...+ (-1)"e,

=(2-x)) (2-x) ... (z-x,)

D= 0 (%0 = £(ep e r€)P YES K
o e
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Sym: Symmetric Polynomials

Fundamental Theorem (Newton)

Sym. = Qle. e, ... e |

_1
n

P(z)=z"-e z+e,=(z-x)) (z-x,)

D/er———él
D -e; +4e2 =0

432 .‘w
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Sym: Symmetric Polynomials

Fundamental Theorem (Newton)

3 Svm —QOle, e, .. €]
nE
P(z) ?-e,7 + 62 Z - 63 = (z xl) (z x2) (z x3)

_ (‘x1 _’?) (X1 xf%)“  .‘..

e1 e, —‘le XrX4 +x1x3 + ..
D 61 67— '4‘ 4)61 )C2

—

_l el dele,-del+ 18 27e;
D=e e, -4e,e;-4¢e,+18¢e,e,e5-27¢;
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A Story

You have a physicist friend that has a theory about nature...

He tells you that particles must be like symmetric matrices but

we can only measure (see) their traces.

You start thinking.... Well, if the matrices are symmetric, then you

remember from linear algebra that this means all the eigenvalues are
real, so at least we will measure something.

A=A

tr(A)
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A Story

A=A

A2

tr(A) = A+ A, + ...+ A,
tr(A?) = k12+ 7»3 + .+ k,f

k

n

tr(A%) = klk+ sz+ A
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Back to the Story

;

tr(d) = 7”1; 7”22+ T 7”"2 ~P1 | Power sum symmetric
2) = _ .

tI'(A ) = 7b1 + 7b2 + ... + 7\‘71 = D> 9 Polynomlals

tr(A) = Af+ At 4 AL = py | [ L= QPy Py s 2]

Another Fundamental Theorem
It we find (measure) all p,, p,, ..., p, then we can get
€15 €y wees €,
From this we get the characteristic polynomial
PR)=z"'-e, 2% +e,z272- ...+ (-D)e,
Factorizing, we get A, A,, ..., A

n
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Back to the Story

\ A — At
tr(A)
p19 p29 UO00) pn E 7\1, 7\2, N 7\“1’1
Ssm —Qlp . p, .. P
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Symn = Q[ela 629 ) en] = Q[pl’ p2’ e pn]

Algebra Representation Theory

Geometry

21
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Symn — Q[ela 629 sy en] = Q[pl’ p2’ e pn]

Sym,, 1s a ring, that 1s a vector space with a multiplication

Bases:

. . . A=A > 2 >0
Monomial symmetric polynomials: mkrg\zj " 3

—

Monomials: X "= x/' x)=... x;]”

Monomial symmetric polynomial: | m, = X c.X
o in Sy

But forany 6in §,: m, =m_, So we can always assume

A=(A, N, .. here A, > : 0.
Examp;elm(zzll)—a(xivgczg:cge+ &% +x1x2)?22) m

= My 1)

.
22
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Symn = Q[ela 629 sy en] o Q[pl9 p2’ 2 pn]

Bases:

Monomial symmetric polynomials: m,

A=A, Ay A) where Ay > A, > .. > A >0.
Example: A =(3,2,2,1,0)

;

l

)

i

I
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Symn @ Q[pla P25 <ees pn]

p. 4

Bases:
Monomigd symmetric polynomials: m,

Elementpry symmetric polynomials: e,
Monomial in the e, e,, ..., €, can be described by

€L =€y, &, where n27\,1 > A= 2 A >0,
and k> 0.

1
24
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Symn = Q[ela 629 sy en] - Q[pl9 p2’ o pn]

Bases:
Monomial symmetric polynomials:
Elementa mmetric polynomials: eg/—\
M=M= 2K)20. n>A > M>..>1>0,k>0.
n

25
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Bases:

Monomial symmetric polynomials: m,

Elementary symmetric polynomials: e,

Power sum symmetric polynomials: p,

Homogeneous symmetric polynomials: h,

Schur symmetric polynomials: s,

n

h, coefficient of z¥ in II 1
=l 1-xz

h;\‘ — h7\‘1 h7\'2 h}\’k
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Symn = Q[ela 629 sy en] 7 Q[pl9 p2’ = pn]
.

Schur symmetric polynomials: s,

A=A, > >A >0
Young tableau: T: A—{1,2, ..., n }

Weakly increasing in rows, Strictly increasing in columns

n
x' defined to be [] xl.T'l(i)

é i=1
é v xt=x, )@)@ X, x5
bl J
T
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Symn = Q[ela 629 sy en] o Q[pl9 p2’ > pn]

Schur symmetric polynomials: s,

T:A—{1,2,..,n}

A > A>.>) >0.

Young tableau: T: A—{1,2, ..., n

Example: A = (3,2,0)

22 313 313
1112 [L[1[3] 2]2]2

2 313 313
212

g
/ﬁ

2.3
+ X5 X3

: R
_ 3
53,20 = @ X1 X3 + xpx3 "'xj?/"‘xz)%
+@x1x2x3 "‘@sz Xy "‘@‘ X35

[
(\9] [0S
(\ O]

— U I\ ®)

DO ID|W
o
(\©)

(NS OV

3 3 3

XD Xy Xy + X X5 Xg + XX, X5
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Symn = Q[ela 629 sy en] = Q[pl7 p2’ 0 pn]

Schur symmetric polynomials: s, | = Y x!

T:A—>{1,2,..,n}
A > A>.>) >0.

Young tableau: T: A—{1,2,...,n}, v _ ﬁ . TG)

Example: A = (3,2,0) 313 i=1
213 LILI2] T3
1112] 11131 R12]2 23 23
T3 1[13] /T3 11212
2|2 3|3 3|3 113 112]2 213 313
TI11] [l 271213 TTITT T
S;3.2.0) = 313)622 + X205+ X705 4+ xixy + x5x? +x22xi +LX13X2?C3 + X, X5 Xy +x1x2x33J

'

>
—

N

2.2 2 2.2 _ +@

+2 X{x;x; +2 xévz Xy +2 X X5%5 = M350+ M3 M, 5 1
— —
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Symn = Q[ela 629 ceey en] - Q[pl’ p2’ = pn]

Change of basis

—
7

1

coef. of m in s;:
number of Young tableaux
of shape A with content L

/

p;h: > m?\.
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Symn = Q[ela 629 EY) en] . Q[pl’ p2’ = pn]

Multiplicative Structure

Sy 18 a linear basis of Sym, .

S?»Su — Z CXH SV So $7.8,, can be express as a
linear combination of the §,,

These number are positive integers,
are wonderful to investigate,
and have “physical” meaning.
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SZuasi—szmmetric Bolznomials: S%Szm

Variables: x,, x,, ... , x

n

Compositions

o = (0ly, Olyy..o, ), 0,>0 and n=>k=/4(a)=>0.
Monomials

example:

x23x31x54 [={2,3,5} and a=(3,1,4)

32
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SZuasi—szmmetric Bolznomials: S%Szm

Monomial quasi-symmetric polynomial indexed by o

(04
M(X) = D X,
I c{l1,2,..,n}
[I1=/(a)

Example: n=4 and@= (3, 1,@ X=X, x2 , x3 , X

1 c{1,2,3,4) and 11]=

33
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SZuasi—szmmetric Bolznomials: S%Szm

Monomial quasi-symmetric polynomial

04
M= ) X,
1 c{1,2,..,n
[I1=/(a)
Sym < QSym

ovin théorbitof A & . W2
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Szuasi—szmmetric Bolznomials: S%Szm

Monomial quasi-symmetric polynomial

(04
M(X) = D X,
I c{l1,2,.. n}
[I1=/(a)

Different action of Symmetric group on monomial
c*X,"= X5y

The Ring of Quasi-symmetric polynomials

QSym={P(X) | *P = P

35
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Szuasi—szmmetric Bolznomials: S%Szm

To study further Quasi-symmetric polynomials:

e Bases

e multiplicative structure
 change of basis

e Applications (where in math do we see that)
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Multiplication 1n QSym

F

o Fp = Z E,

v is a shuffle of o and 3

Cles ——

Foy Fq =




Universal Property of QSym

e n— o, QSym 1s Hopt Algebra with
AM,) = Zt; Mg ® M,
a=Py

Universal Property: Givenany H and C:H — Q
““““““ > QSym Mg

\//

I if /()<1
O otherwise
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More Properties of QSym
(and no time to discuss them deeply)
» Temperley-Lieb invariants: QSym = Q[x,, x,, ..., x| =D

TL (1) 1s the Temperley-Lieb algebra <> QI[S,] / action’s kernel

 Temperley-Lieb “covariants™

dim(TL,) = dim(Q[x,, Xy, ..., ,] / <QSym+> )

e The maximal Eulerian Hopf subalgebra of QSym
1s the Peak algebra of Stembridge...

00O
¢ (and so much more!)
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