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Sym �[x1, x2,..., xn]

outline of the talk

Symmetric polynomials:

P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n)) 

Where in Math do we see that?
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Sym �[x1, x2,..., xn]

outline of the talk

Symmetric polynomials:

P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n)) 

Where in Math do we see that?
Quasi-symmetric polynomials:

QSym

σ∗XI =  Xσ.I
α α

P(x1, x2, ..., xn) = σ∗ P(x1, x2, ..., xn) 

Where in Math do we see that?

more realistic 
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Roots of a polynomial

P(z) = z2 + 1z - 2 = (z - 1) (z + 2 )

1 = -1 + 2 -2 = (-1)(2)

P(z) = z2 + b z + c = (z - x1) (z - x2 )

b = - x1 - x2 c = (- x1)(- x2)

x1 = - b + b2 - 4c 
2

x2 = - b - b2 - 4c 
2
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Roots of a polynomial

P(z) = zn - e1 zn-1 + e2 zn-2 - ... + (-1)n en

= (z - x1) (z - x2) ... (z - xn) 

e1 =  x1 + x2 + ... + xn

e2 =  x1 x2 + x1 x3 + x2 x3 + ... + xi1
xi2

+ ... + xn-1 xn

i1 < i2ek = Σ xi1
xi2

... xik
i1< i2 < ... < ik

en =  x1 x2 ... xn

...
...



Nov 2002
7

???

Roots of a polynomial

P(z) = zn - e1 zn-1 + e2 zn-2 - ... + (-1)n en

= (z - x1) (z - x2) ... (z - xn) 

ek = Σ xi1
xi2

... xik
i1< i2 < ... < ik

xp =  f (e1, e2, ... , en)
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Roots of a polynomial

P(z) = zn - e1 zn-1 + e2 zn-2 - ... + (-1)n en

= (z - x1) (z - x2) ... (z - xn) 

ek = Σ xi1
xi2

... xik
i1< i2 < ... < ik

D = Π  (xp - xq)2 =  f (e1, e2, ... , en)
p < q

YES !

Why do we care to know this?

D = 0                        P(z) has two equal roots 
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Action of symmetric group on polynomials

σ. P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n))

Sym: Symmetric Polynomials
Variables: x1, x2, ... , xn

Permutations of n: 
σ: {1, 2, ... , n}         {1, 2, ... , n} bijection

Example P(x1, x2, x3) = x1 + x2 x3 - 4 x2

σ = ( )1 2 3
3  1 2

σ. P(x1, x2, x3) = x3 + x1 x2 - 4 x1
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Sym: Symmetric Polynomials
Variables: x1, x2, ... , xn

Permutations of n: 
σ: {1, 2, ... , n}         {1, 2, ... , n} bijection

Action of symmetric group on polynomials

σ. P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n))

Symmetric Polynomials

P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n))

For all permutations σ
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Sym: Symmetric Polynomials
Symmetric Polynomials

P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n))

Example e1 = x1+ x2 + ... + xn

e2 =  x1 x2 + x1 x3 + x2 x3 + ... + xi1
xi2

+ ... + xn-1 xn

Any polynomials in  e1,  e2, ... , en

e1 e2
2

Elementary Symmetric polynomials
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Sym: Symmetric Polynomials
Symmetric Polynomials

P(x1, x2, ..., xn) = P(xσ(1), xσ(2), ..., xσ(n))

Set of all symmetric polynomials

Symn = �[x1, x2, ..., xn] 
Sn = { P | σ. P = P } 

Set of all polynomials with
rational coefficients

Invariant under the action 
of the symmetric group
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Sym: Symmetric Polynomials

Symn = �[x1, x2, ..., xn] 
Sn = { P | σ. P = P } 

Fundamental Theorem (Newton) 

Symn = �[e1, e2, ..., en]
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Sym: Symmetric Polynomials
Fundamental Theorem (Newton) 

Symn = �[e1, e2, ..., en]

P(z) = zn - e1 zn-1 + e2 zn-2 - ... + (-1)n en

= (z - x1) (z - x2) ... (z - xn) 

D = Π  (xp - xq)2 =  f (e1, e2, ... , en)
p < q

YES !

Yes!... D is Symmetric.
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Sym: Symmetric Polynomials
Fundamental Theorem (Newton) 

Symn = �[e1, e2, ..., en]

P(z) = z2 - e1 z + e2 = (z - x1) (z - x2) 

D = (x1 - x2)2 = x1 - 2 x1x2 + x2
2 2

n = 2

e1 = (x1 + x2)2 = x1 + 2 x1x2 + x2 
2 2 2

D - e1 =  - 4 x1x2 
2

D - e1 + 4 e2 = 02

D = e1 - 4 e2
2 - b ±   b2 - 4c 

2
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D = (x1 - x2)2 (x1 - x3)2 (x2 - x3)2 = x1 x2  - 2 x1 x2x3 + x1 x3  +  ...
424 24

Sym: Symmetric Polynomials
Fundamental Theorem (Newton) 

Symn = �[e1, e2, ..., en]

P(z) = z3 - e1 z3 + e2 z - e3 = (z - x1) (z - x2) (z - x3) 
n = 3

e1 e2 = x1 x2  + 2 x1  x2x3 + x1 x3  +  ...2 4 22 24 4

D - e1 e2 =  - 4 x1  x2x3 - 4 x1  x2 + ...
22 34 3

D - e1 e2 + 4 e1 e3 =  - 4 x1  x2 + ... 
3 322 3

...

D = e1 e2 - 4 e1 e3 - 4 e2 + 18 e1e2 e3 - 27 e3
3 222 3
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A Story
You have a physicist  friend that has a theory about nature... 
He tells you that particles must be like symmetric matrices but
we can only measure (see) their traces. 
You start thinking.... Well, if the matrices are symmetric, then you
remember from linear algebra that this means all the eigenvalues are
real, so at least we will measure something.

A = At

tr(A)
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A Story
A = At

tr(A) = λ1 + λ2 + ... + λn

tr(A2) = λ1 + λ2 + ... + λn
2     2                     2

A2

...

tr(Ak) = λ1 + λ2 + ... + λn
k       k k

Ak
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tr(A) = λ1 + λ2 + ... + λn = p1

tr(A2) = λ1 + λ2 + ... + λn  = p2
2     2                     2

...

tr(Ak) = λ1 + λ2 + ... + λn   = pk
k       k k

Power sum symmetric
Polynomials

Another Fundamental Theorem

Symn = �[p1, p2, ..., pn]

Back to the Story

If we find (measure) all p1, p2, ..., pn then we can get
e1, e2, ..., en.
From this we get the characteristic polynomial 
P(z) = zn - e1 zn-1 + e2 zn-2 - ... + (-1)n en

Factorizing, we get  λ1, λ2, ..., λn
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Symn = �[p1, p2, ..., pn]

Back to the Story

p1, p2, ..., pn λ1, λ2, ..., λn

A = At

tr(A)
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Where in Math do we see that?

Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Algebra Representation Theory

Mathematical Physics

Galois Theory

Combinatorics

Geometry

Topology

...
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Symn is a ring, that is a vector space with a multiplication

Bases: 
Monomial symmetric polynomials: mλ

Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Monomials:  X = x1 x2 ... xn
η         η1     η2              ηn ηi � 0

Monomial symmetric polynomial:   mη =   Σ  σ.Xη

σ in Sn

λ1 � λ2 � ... � λn � 0.

But for any σ in Sn: mλ = mσ.λ

λ = (λ1, λ2, ..., λn)    where λ1 � λ2 � ... � λn � 0. 

So we can always assume

Example:  m(2,1,1) = 2(x1 x2 x3 + x2 x1 x2 + x1x2 x3 ) = m(1,2,1)
= m(1,1,2)

2 2 2
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Bases: 
Monomial symmetric polynomials: mλ

Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

λ = (λ1, λ2, ..., λn)    where λ1 � λ2 � ... � λn � 0.

Example: λ =(3,2,2,1,0)

n
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Bases: 
Monomial symmetric polynomials: mλ

Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Elementary symmetric polynomials: eλ

Monomial in the e1, e2, ..., en  can be described by

eλ = eλ1
eλ2

... eλk
where n � λ1 � λ2 � ... � λk > 0, 

and  k � 0.
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Bases: 
Monomial symmetric polynomials: mλ

Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Elementary symmetric polynomials: eλ

n � λ1 � λ2 � ... � λk > 0, k � 0.λ1 � λ2 � ... � λn � 0.

n

n

n
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Bases: 
Monomial symmetric polynomials: mλ

Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Elementary symmetric polynomials: eλ

Power sum symmetric polynomials: pλ

Homogeneous symmetric polynomials: hλ

hk  coefficient of  zk in    Π 1    
i = 1 1 - xi z

n

hλ = hλ1
hλ2

... hλk

Schur symmetric polynomials: sλ
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Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Schur symmetric polynomials: sλ

n

λ1 � λ2 � ... � λn � 0.
Young tableau:  T: λ      {1, 2, ... , n } 

Weakly increasing in rows, Strictly increasing in columns

2 2
2 3

54
5

1� �

�

�

< <
<

<
<

n
xT defined to be  �  xi

T-1(i)

i = 1

T

xT = x1 x2 x3 x4 x5
1    3     1     2     2
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Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Schur symmetric polynomials: sλ

λ1 � λ2 � ... � λn � 0.
Young tableau:  T: λ      {1, 2, ... , n }, n

xT =   �  xi
T-1(i)

i = 1

=  � xT

T: λ →{1, 2, ... , n }

Example: λ = (3,2,0)

1  1  1
2  2

1  1  1
2  3

1  1  1
3  3

1  1  2
2  2 1  1  2

2  3 1  1  2
3  3

1  2  2
2  3

1  2  2
3  3

1  1  3
2  2 1  1  3

2  3 1  2  3
2  3

1  1  3
3  3

1  2  3
3  3

s(3,2,0) =  x1 x2 + x1 x2 + x1 x3  + x1 x3 + x2 x3 + x2 x3 + x1  x2 x3 + x1x2  x3 + x1x2 x3

+ 2  x1 x2 x3 + 2 x1 x2 x3 + 2 x1 x2 x3

3 2          2    3          3   2          2    3           3   2          2    3           3                            3     3

2    2    2         2                2    2

2  2  3
3  3

2  2  2
3  3
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Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Schur symmetric polynomials: sλ

λ1 � λ2 � ... � λn � 0.
Young tableau:  T: λ      {1, 2, ... , n }, n

xT =   �  xi
T-1(i)

i = 1

=  � xT

T: λ →{1, 2, ... , n }

Example: λ = (3,2,0)

1  1  1
2  2

1  1  1
2  3

1  1  1
3  3

1  1  2
2  2 1  1  2

2  3 1  1  2
3  3

1  2  2
2  3

1  2  2
3  3

1  1  3
2  2 1  1  3

2  3 1  2  3
2  3

1  1  3
3  3

1  2  3
3  3

s(3,2,0) =  x1 x2 + x1 x2 + x1 x3  + x1 x3 + x2 x3 + x2 x3 + x1  x2 x3 + x1x2  x3 + x1x2 x3

+ 2  x1 x2 x3 + 2 x1 x2 x3 + 2 x1 x2 x3 = m(3,2,0) + m(3,1,1) + 2 m(2,2,1)

3 2          2    3          3   2          2    3           3   2          2    3           3                            3     3

2    2    2         2                2    2

2  2  3
3  3

2  2  2
3  3
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Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Change of basis
sλ

mλ

eλ hλ

pλ

coef. of mµ in sλ: 
number of Young tableaux
of shape λ with content µ
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Symn = �[e1, e2, ..., en] = �[p1, p2, ..., pn]

Multiplicative Structure

These number are positive integers,
are wonderful to investigate,
and have “physical” meaning.

sλsµ = � cλµ sν
ν

sν is a linear basis of Symn.
So sλsµ can be express as a 
linear combination of the sν
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Quasi-symmetric polynomials: QSym

x
2

x
3

x
5

I = {2, 3, 5}    and    α = (3, 1, 4)3    1  4

Compositions
α = (α1, α2,..., αk), αi > 0    and     n � k = �(α) � 0.

Monomials

Variables: x1, x2, ... , xn

XI = xi1
xi2

� xik
I = {i1 < i2 < � < ik }

α       α1 α2 αk

example:
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α
Mα(X) =           � XI

I ⊆ {1, 2, ..., n}
| I | = �(α )

Quasi-symmetric polynomials: QSym
Monomial quasi-symmetric polynomial indexed by α

Example:  n = 4  and  α = (3, 1, 4)          X = x
1
, x

2 
, x

3 
, x

4

I ⊆ {1, 2, 3, 4}  and | I | = 3

x
1

x
2

x
3

3    1  4 x
1

x
2

x
4

3    1  4 x
1

x
3

x
4

3    1  4 x
2

x
3

x
4

3    1  4+ ++M(3, 1, 4) =
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Quasi-symmetric polynomials: QSym
Monomial quasi-symmetric polynomial

α
Mα(X) =           � XI

I ⊆ {1, 2, ..., n}
| I | = �(α )

Sym ⊂ QSym

mλ = �    Mαα in the orbit of λ

Example: m (3,2,2) = M (3,2,2) + M (2,3,2) + M (2,2,3)
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Quasi-symmetric polynomials: QSym

The Ring of Quasi-symmetric polynomials

QSym = { P(X)  |   σ*P = P }

Monomial quasi-symmetric polynomial
α

Mα(X) =           � XI
I ⊆ {1, 2, ..., n}

| I | = �(α )

Different action of Symmetric group on monomial 

σ*XI =  Xσ.I
α         α 
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Quasi-symmetric polynomials: QSym
To study further Quasi-symmetric polynomials:

• Bases
• multiplicative structure 

• change of basis

• Applications (where in math do we see that)
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Multiplication in QSym

F(2)    F(1,1) = F(3,1) + F(2,2) + F(2,1,1) + F(1,3) + F(1,2,1) + F(1,1,2)

2
1

4
5 2

5

1

4
2
5
1

4 2
4

1
5

2

5
1

4 2

5
1
4

2

5

1
4

Fα Fβ =              � Fγ

γ is a shuffle of α and β
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Universal Property of QSym

• n → �, QSym is Hopf Algebra with
∆(Mα) = � Mβ ⊗ Mγ

α=βγ

Universal Property: Given any H and ζ : H → �

H QSym

�

ζ

Mα

1  if �(α)�1
0 otherwise{
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More Properties of QSym
(and no time to discuss them deeply)

• Temperley-Lieb invariants: QSym = �[x1, x2, ..., xn]
TLn(1)

TLn(1) is the Temperley-Lieb algebra  ↔ �[Sn] / action’s kernel

• Temperley-Lieb “covariants”

dim(TLn) = dim(�[x1, x2, ..., xn] / ‹QSym+› )

• The maximal Eulerian Hopf subalgebra of QSym
is the Peak algebra of Stembridge...

• °°° (and so much more!)


