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Internal Bicategories in Additive Categories with

8pd1 = 0



2-cells



Composition

(2,9 — 01 (¥') +y — B\ (y) — Oun () , 2 — p01 (') + 2



Associativity isomorphism

where

a=(z,f1(y") + 911 (V) + 9F (v) + h(2) + g1k (x) @1 (y



with

a1 <y//)
o (v)
a3 (y)
ap ()
f1 (")
g1 (v)
g1 (v)
g1h (z)

pd1p (v") — o (v)

pd1 (') — X1p (V)

A(y) — A01A (y) — 19 (y) + pA1ny (
po1n (x) — A01n ()

y" — 01p (")

y' — 0 (v) — 01p (V) + B1Adup (¥
y — 201X (y) + 01001 (y)

—01n (z) + 012011 ()



|ldentity Isomorphisms

with

A= (z,y—01A(y) — 01n(z), A (y) + n(z))



and

p=(z,y—01p(y) — 01n(x),p(y) +n(x))






Weak Category




doA = 1;=dop
coA = le=cop

doa = lgg,,coa = lerm

Aoe=poe.



Weak Categories in Mor(Ab)
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bo_20) > bo + 90 (ap)

(k)| (1ooo) | (o

*

(bo+d(by)  ag+8(ar))

bo + 0 (b1) + dg (ag + 0 (a1)) = bg + dp (ag) + 9 (b + ¢






2-Ab-category

d
—

o [Aa B] ><hom(A,B) [AaB] — [AaB]g hom(AaB) (diag
c
groups)

[A,B] = {r: f —> g| f,g € hom (4, B)}

e horizontal composition is bilinear



Additive 2-category

e 2-Ab-category

® zero object

e biproducts



e H(A, B) ﬂ) hom(A, B) (diagram of abelian groups)

e three associative bilinear composition laws
go,to,7f € H(A,C)
cc H(A,B),re H(B,C),f €hom(A,B),g € ho

olp=0, 1ot =7

D(ro) = D(71)D (o)

D(rf) = D(7)f

D(gr) = gD (7)
notation: [1,0] = D (7)o — 7D (o)



2-cell

(1, f): f—g

T € H(A,B)
D(r) = g—Ff

(0,9)-(r, f)=(o+7.1) » (7,f)o(r. f)=(r"r+7'f

r e H(AL® Ay, B1® By) (T T2
To1 Too ) Y



Weak Categories in Additive 2-Categories With Kernels

A2 B

Np € H(AA)

n € H(B,A)
oA =0
dp = O

om = 0



(1—Dp)[p,p] =0
DX[p,p]l = Dp[X, p] + (1 — Dp) [p, A]
(1 = DA)[A, pl + DA[p, A] = Dp[A, Al + (1 — Dp) [p
(L—DX)[MA] = (1= D) [\ n]

(1—=Dp— DA)[An] =(1—Dp— DA)[p,n]



Description of the weak category

(61)
-(481)
0 0 1
g = 1=-D()
f = 1=D(p)
h = —D(n)

a1 a2 a3 «Q
O 0 O O






The Category of all Wea
Categories

Weak Categories

Weak Functors



Horizontal Weak Natural Transformations
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Vertical Natural Transformation

0> : Fp — Go, 01 : F1 — G4

doby = 610d
C,092 — 9106
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Square Modifications
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Weak functors in additive 2-categories with kernels

Fgp : B— B’
FA : A—)A,

seH(B,A’)

d'e =0

[FAP7 p] — [pla FAP]
[p',é‘] 6 + [p', FA)\] + [FaX, p] = [X,FAP] + [Fap;

[FA)‘7 >‘] + [)\,7 FAT]] 0= [A,7 FA)‘} + [FA)‘v 77] 0



e + |0 Fan| + [Fad,m] = [N, e| + [N, Fan| + [F



Description of the weak functor

Fy = Fp F2:<FA D(€)>

pp = pFy—Fap
4o NEy — Fy\— €6 + p'Deé
p3 = p'De+NDe+n'Fp— Fyn—¢



Vertical Natural Transformation

0, € H (A, A’) , 9, € H (B,B’)
such that
D(02) = Ga—Fy
D(01) = Gp—Fp
50, = 016

D (p’) 02+ (Ga—Fa)p=02D(p)+p' (Ga—F,

[p/,sg]5—|—D<)\’> 92—|—(GA—FA))\=
= [p',sp] §+60>D(N\)+ X



D (n') 614 (Ga—Fa)n+ |¢ea] + [N,eq| = |
=0,D(n)+7n (G — FB) + [p',eF_



Horizontal weak natural transformation 7 : FF — G

r:B— Ao B

= (4 )

0r = Gg — Fp

(1-Dp')r6=(1-Dp')Ga— (1 - DX) Fy

D ()\' — p’) T=D (sG —ep+ Nep — p'sg>



Square Modifications

such that

CDEH(B,A’)

Do =7 — 1
5’¢:0’1—01

flod = f'05 — g'65



(f'=d)®=f(cx —en)— g (e¢ —er)



