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Mixed Tsirelson space T'((0,,S,)>2 ]

(6,) C (0,1) nonincreasing null sequence, 0,1, > 0,0,
for all m, n.

S,, Schreier families

S ={F CN:|E| <min £}

Spi1={ULE,E, €S, k1< - < E,;;n <min £}
S, ={F: FE €S, for some n < min £}

(£, is Sp-admissibleif By < -+ < E, and {min F;}"_, €
S,

Let (e,) be the unit vector basis of cypp. If £ C N and
T =) apey, then Ex =) _.aye,.

T((0,,S8,)22 ] is the completion of ¢yy with respect to the
implicitly defined norm

k
|zl = ||, V sup O sup > || B,
" i=1
where the last sup is taken over all §,,-admissible families
(Ei)iy



?1-S,-spreading models

A bounded sequence in a Banach space (x,,) is an £1-S,-
spreading model if there exists 0 > 0 such that

[ Z ATyl = 0 Z [

nekr nekr
for all £ € S,.

Theorem 1. (Argyros, Deliyanni and Manoussakis) If

lim 05" = 1, then every block subspace of T'|(0,,,5,)5°4]
contains an ('-S,,-spreading model.
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“Non-hereditary” situation

Theorem 2. Iflim, limsup,, 0,,:,/0,, > 0, then every
subspace of T[(0,,S5,)>2] generated by a subsequence
of the unit vector basis contains an (*-S,-spreading
model.

Remark. Thisis the best possible for the “non-hereditary”
question, in view of the following observations.

1. (L. & Tang) If lim, limsup,, 0,10/0m = 0, respec-

tively > 0, then the Bourgain £*-index of T'[(6,,, S,,)%° 4]
is wv respectlvely w2,

(J udd & Odell) The Bourgain #'-index of any separa-

ble Banach space X not containing ¢! is of the form
w®. The order of any ¢!-tree in X is strictly less than
the ¢!-index.

. If a block subspace of T'[(6,,, S,,)°° ] contains an £1-S,-

spreading model, then it contains an £'-S,,,,,-spreading
model (with different constants) for all n.



The “hereditary” question

Let X be a block subspace of the mixed Tsirelson space
T[(6,,8,)>,]. If X contains an ¢'-S_-spreading model,
then

lim lim sup 6,41, /60, > 0 (T)

m

must hold. On the other hand, if (1) holds and X contains
a block equivalent to a subsequence (e, ) of (e,), then X
contains an ¢!-S,-spreading model.

Theorem 3. The following statements are equivalent.

1. (1) holds and X contains a normalized block (x,)
that is equivalent to the sequence (ey,), where k, =
max supp &,

2. X contains an (*-S,,-spreading model,

3. X contains ('-S,-spreading models with uniform

constants,
4. The Bourgain ¢*-index of X is w”™.

Remark. The theorem of Argyros, Deliyanni and Manous-
sakis follows because of

Theorem 4. (Judd and Odell) If X contains an {'-
Son-spreading model with constant o, then it contains
an (1-S,,-spreading model with constant V9.
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The key step is captured in the following proposition. For
every n, let |||, be the equivalent norm on T'[(0,,, S,,)5 4]

n=1
defined by

k
|zl =sup ) || Bzl
i=1

where the sup is taken over all §,-admissible families
(B, Tf X = [(2;)%2,] for some block sequence (zy),
the n-tail of X is [(21)72,].

Proposition 5. Assume that X has the following prop-
erty:
(x) There exists C' < oo such that for all n,
there exists x in the n-tail of X with
|zl =1 and ||z][, < C.
Then X contains a normalized block (x,,) that is equiv-
alent to the sequence (e, ), where k, = maxsupp ,,

Observe that 4. of Theorem 3 implies (x). For all n,
4. of Theorem 3 gives a finite block sequence (zy)res in
the n-tail of X (uniformly) equivalent to the ¢}(I) basis
so that {maxsuppzy, : k € [} is a maximal S, set.
Choose scalars (ay) so that >, |ax| = 1 and >, _p|ak
is small whenever {maxsuppzy : k € F} € §,. Take

T =D her GhTk



Ay X
- K7k
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Sum over long E;'s < 1

Sum over short F;'s < 61>, - |ag| for some set F' such
that {maxsuppz; : k € F'} € S,.

Remark. If X has (%), then for all n, there exist y, z € X
such that [lyl| = ||z[| = 1, and [ly[l, < C, ||z]l, ~ 1/6,.
Consequently, if (x) holds hereditarily, then the sequence
of norms (|| - ||,,) arbitrarily distorts T'[(0,, S,)22].
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Admissible trees

The norm of an element in T((6,,S,)>2,] can be com-
puted by means of admissible trees.

ny

] L 11
11 11

P
et =

P——

n
FHE = ]
3
HHH
E

e [f a node splits, its children form an &,-admissible
collection for some n.

e For the node E shown, we assign it a tag t(£) =
01, 01,00, We also let ((E) = ny + ng + ns.

e 7Tx =) t(F)|Ez|,summing over all terminal nodes.

e ||| = sup 7z, sup taken over all admissible trees 7 .

e With respect to a particular element x, we can always
choose to split the nodes of an admissible tree until
|Ex|| = || Ex||, for all terminal nodes E.



Proot of the Proposition. Choose 1 = ny < n; < ...
and a normalized block (z;) in X so that

o ||xglln,_, <C,

o 6, llill < 1/2"
We want to show that

lzll =1 > ananll = 1) aresell = Nyl

where j; = maxsupp .

Consider an admissible tree 7. A node in 7 is short if
it is contained in supp x;. for some k. We assume that a
node is terminal in 7 if and only if it is short.

T 1Y

mw
HHF HHE——
0

Case . m < np_q

Z!ak!t N Ezp| < Clarft(Eo) = Clar|t(Eo)l[ Eoejyle,

Case I[I. 4(FE) > ny

Z ap[t(E)|| Bl < lawlnyllzlln < lax|/2"
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Case I1I. ng_1 <m < U(F) < ny

Observe that ) o |ap|t(E)||Exg| < |aglt(F)

[
L
1L
11
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Let A, be the family of all subsets of N with at most n ele-
ments. Define the mixed Tsirelson space Z = T'[(0,, A,)7,]
with A,, in place of S,,. The foregoing arguments show:

Theorem 6. Iflim60y,/0, = 1, then every block sub-

space of Z contains a block sequence equivalent to the
unit vector basis (ex) of Z. It follows that Z is comple-
mentably minimal. Moreover, the sequence of norms

|zl = sup{) Bl : B < - < B}

r=1
arbitrarily distorts Z.

These results are due to Schlumprecht.



