6. L-functions in the constant terms.
Recall the global intertwining operator M(s,m) = ®,A(s, my, wp). For f €
Vs, ),
f € ®U€SV(87 7TU) & ®U¢Sf1?7
where S is a finite set of places, including archimedean places, and f_ is the spherical

vector such that f0(k,) =1 for k, € G(O,). Suppose f = ®f,, where f, = f2 for
v ¢ S. Then

M(S, W)f = ®’U€SA(S7 Ty, wO)fv &® ®U$SA(3; Ty, wO)fq(;)-

Langlands observed that L-functions show up in the calculation of A(s, m,, wq) 2.
First we need inducing in stages of induced representations. Suppose P; = MN; C
Py = M;3N, are two parabolic subgroups. Then P; — My N Py is a bijection
from {P; : P; C P3} onto the set of standard parabolic subgroups of My. Then
M, N Ny is the unipotent radical of My N P1; My NPy = M; - (M2 N Ny) is the
Levi decomposition.

Lemma 6.1 (inducing in stages). Suppose P; C Py. Let Q =My;NP;. Let
be a representation of Ma(F') such that m = Indgba ® exp((Ao, Hg())). Then

IndIszﬂ' ® exp((A, Hp,())) = Indgla ® exp((A+ Ao, Hp,())),

where A € X*(Msy) ® C extends to X*(M;) @ C.
Suppose m, is spherical. Then 7, < I(x,). By inducing in stages,

I(s,m,) C IndSx, ® exp < s@, Hp() >= I(s5&, Xy)-

We denote by A(s&, X, wp) the intertwining operator for I(sé&, x,). Then A(s, m,, wg) =
A(sa, X, wo)|1(s,r,)- Here 1o e I(sa,xy), and

2(tuk) = x(t)exp < sa + pp, Hp(t) >,

for t € T(F,), u € U(F,), k € G(O,). We need to calculate
A(sdxorw0)£2(0) = [ fSwg ) dn.
N(Fy)

(for simplicity, we assume that P is self-conjugate.)

We reduce the calculation to SLs case by using cocycle relation of intertwining
operators: Let A € af, x a character of T(F'). Let A(A, x,w) be the intertwining
operator from I(A, x) to I(wA,wy). Let w = waw; be a minimal length decompo-
sition, i.e., l[(w) = l(w1) + [(w2). Then

1



2
Theorem 6.2. A(A, x,w) = A(wi A, wix, w2)A(A, x, w).
Hence if w = wq,, + W, , where aq, ...,a, € A and [(w) = n, then
AN x,w) = A(wa,_, ** Way Ay Wa,y_y *** Way X Wa, ) =+ AN, X, Way )-

BEach A(wq, «** Wa, Ay Wa,; ** * Way X, Wa,,, ) is an intertwining operator for SLy: Sup-
pose « is a simple root. Recall the homomorphism ¢, : SLy — G such that

¢((1) qf)zea(u), %(3 u‘ll):ha(u), ¢a(_°1 é)zwa.

Note that ezp((A, Hp(ha(u)))) = [u[{®*). Also (wA,aV) = (A, (w™'a)Y) and
exp((wh, Hp(ha(u)))) = exp((A; Hp(hy-1a(u))))-
If w = wows, (w) = l(ws) + l(w), then

{a>0,wa <0} =w{B>0,wp <0}U{y>0w~y< 0},

where it is a disjoint union. Hence by induction, if w = w,, ---w,,, Where
A1y ey 0y € Ay l(w) = n, then

{a > 0,wa < 0} = {a1, Wa, (@2), Wa, Wa, (Q3), "+, Way *** Wa, _, (An) }-

Therefore, (W, _, *+ W, A, @) = (A, (Way + Wa,_, (a))V).

Now we compute the intertwining operator in the case of SLy. Let G = SLa(Qp)
and X is a character of Q. Let

A(s, xp) fo(9) / fo(wg ng) dn,

be the intertwining operator for I(s,x,), where N, = {(1 m)}, and wy =

(40)

Theorem 6.3 (Computation in the case of SL,(Q,); Gindikin-Karpelevich
formula). Let x, be an unramified character. Then

0 o 1-— Xp(p)p_s_l _ L(37Xp)
Ao fple) = LT )

where fy) is the spherical function such that f)(e) = 1. It is the unique SLy(Zy)-

fixed function satisfying fO ((O axl) g) = Xp(a)|a|s+1f19(g).

Proof. We compute A(s, Xp)f0 f@ fY(wy'n)dz. The Haar measure dz sat-

isfies; fQ (xy)dy = |z|~ 1f@ y) dy, and fZ dxr = 1. Hence fz,’; de = pr dx —
1

prp dr=1-— 5 ==, Also fp_ng dz = p™ fZ; dz.
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Any element of x € Q, can be written as x = p~™u, u € Z) (units in Z,), and

m € Z. Note that for n = ((1) 313),

Hence if © € Zp, fp(wg'n) = 1. If & = p~™u with m > 1, then fQ(wy'n) =
xp(P™)(p~™)*+1. Therefore,

—14 pr@m)(p mys+igm () 1)
1 - 1, xp(pp~*
p 221 B
e 7102))
1 _Xp( )

More generally over an arbitrary algebraic number field, we can show

0 -1 _ L(S,XU)
/FU Folwy m)dn =

where L(s,Xx,) = (1 — xo(@y)q; 1), w, is a uniformizer in F,, and g, is the

number of elements in O, /p,.

Corollary 6.4.

A ) =[] Aol

B>0,wB<0 ( +< , BY ) Xvoﬁv).

If FF =R, we leave it as an exercise to show that

A(s,1)f2%(e) = V7

where fO is the spherical function satisfying f9 ((8 3_61) g) = |a[*T1f2 (9).

Use the fact that
1 0 -1 AL —zAT
Wy N = 1 xr = 0 Am Ko(x)s



where A, = V/1+ 22, 0(z) = arctan(—1), and kg = CO.SH sin 0 . Hence
—sinf cosf
A0 = [ (1+a?) F da,

Proof of Theorem 6.2. Let N(w) = UNwUw™!, where U is the opposite unipotent
radical. By the commutator relation, each element of N(w) can be expressed in
the form [], .0 .-14<0 €a(ta), Where uq € F (in any order).

Some properties of hy, €4, Wy;

ea(tl)ea(tz = €qn t1 +t2)
ifat+pB¢®

ea .
[ { ea+,3 (captu), fa+ped

ha(t) ho(u)
ha(t)ep(u)ha(t) ™

es (t<ﬂ,a )u)

waeﬂ(u)wal = ey, a(u).
Consider
A A — —1 — —1 —1 — —1
(A xu)fo) = [ L Jwngan /. L Jw gy dn /| T,

where N(w) = w™Uw NU. Here each element of N(w) can be expressed in the
form [],50 waco€—a(ta), where uy € F (in any order). Let w = wq, w'. Then

{a>0,wa < 0} = {w (o)} U{B>0,w'y <0},
and N(w) = N(w') - U_1-1(q,,)- Hence

AN, x, w) f(g) = /U_w’1

Here n'e_,-1(q, )(u)w’_1 = n’w’_lw'e_w,—l(an)(u)w'_l =n'w' "e_q, (u). Hence

/N( ) F(0e_ =1 (@) (W'~ Wa,,g) dn'du.
(an) w’

A(A3Xa / /]V( N / / le_an(u)'wang) dn/du

- / AA, X0 ) f(e—ar, (Wwa, g) du = A(w' A, w'x, wa, ) AA, X, @) £ (9)-

—an

The above cocycle relation of intertwining operators is quite general. Suppose
P =P, 6§ C A. Let A(A,7,0,w) be the intertwining operator for Indgn ®
exp((A, Hp())), where w € W is such that wf C A. We can write A(A,,6,w)
as a product of rank-one intertwining operators (i.e., intertwining operators for
maximal parabolic subgroups).
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Theorem 6.5. There exists a finite sequence o, ..., , € A such that Q; = 6; U
{ai}, Oi41 = w;0;, where w;(0;) C Q;, wi(a;) < 0. Then w = wy, ---wy, and

AN, 7, 0,w) = A(wp_1 - wi A, wp_1 - w1, Op, wy) - - - A(A, 7,0, wq).

Here let ®(Ag, G) be the set of roots of G with respect to Ag, and ®,.(Ag,G) be the
set of reduced roots. Let ®}(0,w) = {a € ®}(A4g,G) : wa < 0}. Then

O (0, w) = {a1,w] Lag, (wowr) ras, ..., (Wn_1 -+ w1) Loy}

We explain the theorem using one example. Suppose P = MIN C Sp(2n), where
M ~ GL,, X ---x GL,, x Sp(2l), and m; ® --- ® Ty ® ¢ be a representation of
M(F). Let

Ind@m |det|** ® - - - ® mg|det|** @ o,
be the induced representation. Then A(A, 71 ® -+ @ m, @ o, w) is a product of

A(Si,ﬂ'i ®O’), 1=1,...,k, A(SZ — 84, T; ®7Tj),A(Si + 8, m; ®77'j), 1 <1<y <Kk,
where

A(si, m; @ o) is the rank-one operator for Ind m;|det|* ® o, GL,,, x Sp(2l) C Sp(2(n; + 1))

A(s; — 85, m; ® ;) is the rank-one operator for Indm;|det|* ® m;|det|*, GLyp, X GLp; C GLyp, 4,

A(s; + 85, ® ;) is the rank-one operator for Ind m;|det|* ® 7;|det| ™%, GLy, X GLyp; C GLp, yn,
We return to spherical representations and maximal parabolic case. Let m, be

a spherical representation of M(F,), P = MN is a maximal parabolic subgroup.
Let x, be the inducing unramified character. Then

L(s{a,BY), xv o BY
11 (s(@ BY)s xvo BY)

A5, 7y, wo) fy (€) = L(1+ 5{&,8Y), xv 0 BY)

ﬂ>oaw0ﬂ<0

Langlands observed that (&, 8Y) = i, i = 1,...,m: Let V; be the subspace of n,
generated by Egv € In, (a,BY) = i, where In is the Lie algebra of “N. For each
i, the adjoint action of LM leaves V; stable. Let r be the adjoint representation of
LM on In, and r; = rly..

Theorem 6.6 (Langlands-Shahidi). r; is irreducible for each i, and the weights
of r; are the roots BV in “n which restricts to iaV in L A.

Let r = ®" ;. Let t, be the semi-simple conjugacy class in ZT. Recall that

Xv © BY (wy) = BY (tv).
Theorem 6.7 (Langlands-Shahidi).

i L(is, my, ;)
A(s@, my, wo) «?(e) = H L(1+is,w 7"')’
ie1 y fusr e
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where

L(Saﬂ'va"'i) = H L(s,xuoﬂv), L(S,XUOﬂv) = (1 _Xvoﬂv(wv)qu_s)_l-
B8>0,(&,BY)=i

Iy X

0 I ) Then
LM ~ GLi(C) x GL;(C), and r(diag(g1,92))X = g1Xgy *. Here r is irreducible.
So in this case m = 1. More explicitly, let my = 7(p1, ..., pr), 72 = 7(v1,...,1;) be
spherical representations of GLy(F'), GLi(F'), resp. Then

Ezamples 6.8. (1) G = GLgy;, and M ~ GL, x GL;, N = (

(2) G = Sp(2n), M = GL,, (Siegel parabolic subgroup). Then N is generated
by {ei +e€j,1 < j,2e;,i=1,..,n},and @ = ey + --- + e,. We can see that m = 2;
r=r1®7r; In=V,® Vs, where V; is spanned by e;,i = 1,...,n (note that e; is the
coroot of 2e;); V3 is spanned by e; +e;,¢ < j. Hence, for a spherical representation
m of GL,(F),

L(s,m,r1) = L(s, ), standard L-function of GL,,

L(s,m,r9) = L(s,m, A?), exterior square L-function of GL,,

(3) Consider E; — 1 case in Example 1.36. We saw that there is a rational
injection f : M — GLg X GL3 x GL4. Then f induces an injection f: M(A) —
GL2(A) x GL3(A) x GL4(A) such that M(A)(A*)? is co-compact in GL2(A) x
GL3(A) x GL4(A), where (A*)? is embedded as a center of the first two factors.

Let 7;, 1 = 1,2, 3, be cuspidal representations of GLi,;(A) with central charac-
ters w;, resp. Then m ® ma ® m3|fm(a)) decomposes as a direct sum of irreducible
representations of M(A). Let m be any cuspidal irreducible constituent of this di-
rect sum. Then w, = w?wgwg’. Let # = ®,m,. If m, is a spherical representation,
we can see that m = 4, and

List of L-functions via Langlands-Shahidi method (split reductive groups).

A,, case.
GLy, X GL,, C GLyyy, gives the Rankin-Selberg L-function L(s, m X 72), where
m;s are cuspidal representations of GL,,,, GLy,, resp.



B,, case.

B, —1: m = 2; r; gives the Rankin-Selberg L-function of GLy x GSpin(2l + 1);
ro gives the twisted symmetric square L-function of GLg. If G = SO(2n + 1),
gives the Rankin-Selberg L-function of GL; x SO(2l + 1); ry gives the symmetric
square L-function of G L.

C,, case.
Cp, —1: m = 2; r1 gives the Rankin-Selberg L-function of GLy, x Sp(2l); o gives
the exterior square L-function of GLg, if k # 1 (If £k = 1, then m = 1).

D,, case.

D,, — 1: m = 2; r1 gives the Rankin-Selberg L-function of GLg x GSpin(2l); ry
gives the twisted exterior square L-function of GLg. If G = SO(2n), r1 gives the
Rankin-Selberg L-function of GLg x SO(2l); 7o gives the exterior square L-function
of GLy (If k =1, then m = 1).

D,, — 2: m = 2; ry gives the triple L-function of GL,,_3 X GLy X GL3; ro gives
the twisted exterior square L-function of GL,,_s.

D, —3: m = 2; ry gives L(s,0 ® 7, pn_3 ® A%py); T gives the twisted exterior
square L-function of GL,,_3.

F, case.

Fy—1: m = 4; ry gives L(s, o0 x7) which is entire; ro gives L(s, c®T, Sym2p2®p3)
which has a pole at s = 1 when 7 ~ Sym?o.

Fy —2: m = 3; ry gives L(s,0 ® 7, Sym?p3 ® p2); 72 gives L(s, o, Sym?p3 @ w,)
which has a pole at s = 1 always.

(zviii): m = 2; M = GSpin(7) C Fy; dimry = 1; r1 is the 14-dim’] irreducible
representation of Spg(C), called spherical harmonic.

(zzxii): m = 2; M = GSpg C Fy; r1=8-dim’l spin representation of Spin(7,C);
r9 gives the standard L-function of SO7(C) (7-dimensional).

FEg case.

FEg —1: m = 3; r1 gives the triple L-function of GL3 x GLs x GLg3; re gives the
standard L-function of GL3 x GL3.

E¢ —2: m = 2; r1 = A%p5 ® pa; 7o gives the Rankin-Selberg L-function of
GLs x GLy which is entire.

(x): m = 2; dimry = 1; 71 gives the exterior cube L-function of GLg(C) (20
dim’l irreducible representation of GLg(C))

(xxziv): m = 1; ry=16-dimensional half-spin representation of Spin(10).

E; case.

E7; —1: m = 4; ry gives the triple L-function of GL3 X GLy X GLy4; 79 comes
from Dg — 3 case.

E; —2: m = 3; r1 = A%p5 ® ps3; rp gives the Rankin-Selberg L-function of
GLs x GL3 which is entire.

E; —3: m = 2; r; gives the L-function L(s,o ® 7, Spin'® ® py), where o, T are
cuspidal representations of GSpinig, GLo, resp. and Spin'® is the 16-dimensional
half-spin representation of Spini(C).



E; —4: m = 3; ry gives the L-function L(s,0 ® 7,A%pg ® p2), where o, T are
cuspidal representations of G Lg, GL3, resp.

(xi): m = 2; ry gives the exterior cube L-function of GL7(C) (35-dimensional
representation of GL7(C)); 7o gives the standard L-function of GL7(C) which is
entire.

(zzvi): m = 2; dimry = 1 and r; gives the degree 32 = 2° spin L-function of
Spinig

(xxx): m = 1; r, gives the standard L-function of Eg.

Eg case.

Eg — 1: m = 6; r; gives the triple L-function of GL3 X GLs X GL5; r9 comes
from E; — 2 case.

Eg —2: m = 5; ry gives the L-function L(s,0 ® 7,A%ps ® p4), where o, T are
cuspidal representations of GLs, G Ly, resp.

Eg — 3: m = 4; ry gives the L-function L(s,o ® T, Spin'® ® p3), where o, 7 are
cuspidal representations of G Spinig, GL3, resp. and Spin'® is thel6-dimensional
half-spin representation of Spini(C).

Eg —4: m = 3; r1 gives the standard L-function of Eg X GLs; 12 gives the
standard L-function of Fg ((zzz) case).

Eg —5: m = 4; rqy gives the L-function L(s,0 ® 7,A%p; ® p3), where o, T are
cuspidal representations of GL7, GL4, resp.

(xi31): m = 3; r1 gives the degree 56 exterior cube L-function of GLg

(zzviii): m = 2; ry gives the degree 64 = 2° spin L-function of Spini4

(xxxii): m = 2; dimrqy = 1; 71 gives the standard L-function of Ex.

G, case.

(zv) (attached to the maximal parabolic subgroup generated whose unipotent
radical contains the long simple root subgroup) : m = 2; dimry = 1, r1 gives the
third symmetric power L-function of G'Ls

(zvi) (attached to the maximal parabolic subgroup generated whose unipotent
radical contains the short simple root subgroup): m = 3; dimry = 1, r1 gives the
standard L-function of GLs



