These are the slides for my talk at the Work-
shop on L-functions at the Fields Institute in
Toronto, May 7, 2003.



Distribution of modular symbols

Yiannis Petridis

Department of Mathematics
City University of New York, Lehman College
(Joint with Morten S. Risager, Aarhus U.)



Modular symbols and their distribution

Motivation: Conjectures of Szpiro

and Goldfeld

Eisenstein series with modular symbols

Eisenstein series with characters xe and
Perturbations of the Laplacian

Open problems



Modular Symbols
f(z) cusp form of weight 2 for I' e.g. Mg(V)

f(z)dz 1-formon X =T \ H e.q.

Xo(N) =To(N)\H

(v, f) = —2mi | " f(2) dz

. k  k
T=\ ¢ d
Petersson norm:

1P = |, v71F I dedy/y?



Theorem 1 The modular symbols normalized
as

I VOI(I_\H) <’77f>
<77 f> _J 87T2||f||2 \/Iog(02+d2)

have a binormal Gaussian distribution with
correlation coefficient O.

This means:

L et
T\ ={y€T\ T, +d? < T}
Then

#{ve (T \DT|(v, f) € R}
# (Moo \ M7

1 z? + 4
— — | _exp | — dxd
/R p< 2 vy
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as T' — oo.



Theorem 1’ Let o« be a harmonic real-valued
1-form. Let

YT

(v, ) = —27r7l/ o

-
and

(ﬁ)z\IVOI(r\H) (v, f)
’ 8m2I711% i\/log(c? + d?)

have Gaussian distribution i.e.

# {7 € (Mo \MT|(7,) € [a,b]]
#(Too \ 1T

1 b 2 p
— —— | exp|—") dz
V27 /a P 2

as T' — oo.



Pairing:
H{(X,Z) x Hip(X,R) = R

(c,w) = /Cw

Counting prime closed geodesics on X:

mr(z) = #{{P}|IN(P) < z} ~ li(z),
N(P) = clength(p)

Counting geodesics in a homology class:

¢o:. I — H1(X,Z), € H(X,Z)

coT

ma(x) = #{{P}|N(P) < z,6(P) = 3} ~

g genus.

In(z)9+1



Motivation:

H(y) = (3, f) = —2mi [ f() d

(v1v2, f) = (71, ) + {72, f)

H:To(N) = N={n1Q21 + nx2,n; € Z}

E : A\ C elliptic curve y2 =423 —ax — b

e; roots of 423 — ax — b,

D= ]](e; — e;)°  discriminant
1<J



o0 d
Q1=2/ > :
€3 \/4:133—a:v—b

e d
Qz=2/3 T
€2 \/4:c3—a:1:—b

Xo(N)

1
E

Szpiro’s conjecture: D <« NF.

Goldfeld’s conjecture:

(v, )y =n1(, )21 + no(r, )20

n; < N if ¢< N?

L(f,1) in terms of modular symbols



Eisenstein series (non holomorphic)

E(z,s)= ), S(v2)°

YEN oo\l
AFE(z,8)+s(1 —-s)E(z,5) =0

Fourier series:

Hee = (s — 1/2)¢(2s — 1)
(s—1/2)((2s —1) 1_,
M e v o S L
Resg—1 = —
X



Eisenstein series with modular symbols

EY¥(z8) = Y (1,/)S(2)°

YEM oo\l
Goldfeld, O’'Sullivan 1998

Chinta, Diamantis
EY0(yz,5) = BYO(z,5) — (v, f)E(z,s)

AEYO(z 8) 4+ s(1 —s)EYO(2,8) =0

Residue at s =1 is

R(z) =

271 /z f
vol(MT\ H) Jico "
Goldfeld conjectured:

S (1 f) =REX +0(XT9)
c2+d?2<X,N|c
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Application:
o(11) = (A, B, Py, Poo, ABA !B 1PyP5, = 1)

where

=7 -1 (4 1
a=(5 3 )e={ % %)
0
1

e (31

IogA(AelelAQQBdQ L) = Z e;

Goldfeld-O’'Sullivan:

T
> logay = —R(e [ nP()nP(112)d2)
lcz+d|2<T Yy e~

+0(T79)
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Eisenstein series twisted by higher powers
of modular symbols:

E™"(z,8) = > (v, /)™ h)"S(y2)?
YETM o\

Goldfeld conjectured:
Let f = h. Then

EL1(z,s) (involves |(v, f)|2) has pole of order
1 at s = 1 with residue involving Petersson

product (f, f)

Conjecture:

S AP~ RG)X

c2+d?2<X,N|c
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Theorem 2 E™"(z,s) converge absolutely in
R(s) > 1 and have meromorphic continuation
to all of C.

Corollary 3 (v, f) = Oc((c? + d2)°).

Theorem 4 For 1/2 <R(s) <1, z€e K

E™"(2,8) <Ko t(6(m—|—n)—1)(1—a)—|—e

Theorem 5 E20(z,s) (involves (v, f)2) has
simple pole at s = 1 with residue
—4r2([Z f(r)dr)?
vol(I" \ H)
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Theorem 6 EL1(z,s) (involves |(v, f)|?) has
double pole at s = 1 with singular part

1672(f, f)
vol(F\ H)2(s — 1)2

4-7'('2 <

2
T ol(F \H) (s — 1) ‘

/Z:O f(r)dr

/ \Y,,/'2 N2 /
4 |1, (Bo() = oz, )y If () Pdu(:)

T heorem 7

_Ax2( (7 Vdr)2
S (g2 = T Ui JAD)

1l—¢
yvol(I" \ H) XFO(XT)

lcz+d|2<X

2 — 167T2<f7f>X| X
|cz+%|:2gxl<%f>l vol(r \ Hy < 1O

+0(X)
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Theorem 8 E™™(z,s) (involves |{~, f}|*™) has
pole of order m 4+ 1 at s = 1 with coefficient
of (s —1)~™m~1 equal to

(1672)mm!12|| f||2™
vol(I" \ H)m+1

Theoren 9 E39(z,s) (involves (v, f)3) has a
simple pole at s = 1 with residue

vol(l’l\ H) (QM /z:o f(z) d’z)3 ’

while E21(z,s) (involves |(v, f)|?(~, f)) has a
double pole with leading coefficient

3272
vol(I \ H)?

(2ri [ fzyaz) 1112
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Eisenstein series with characters ye.

Ec(z,8) = Y xe(MS(v2)*
YEM 0o\l

where

xe(7) = exp(~2nic | "

Idea (Petridis, 2002)
d
€

Ee(vz,8) = Xe(v)Ee(z, 8)

Ee(2,8)e=0 = E19(2, )
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Perturbations of the Laplace operator:

Ue: L2(F\H) — L?(I" \ H, x¢)

(U.h)(2) = exp(2mie / OO w)h(2)

1

A L2(MF\H, xe) — L2(M\ H, X¢)

Le=U1AU:: L?(F'\H) —» L?(I \ H)
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History:

P. Sarnak: On cusp forms II, 1989: deforma-
tions in character varieties

Phillips-Sarnak condition:

L(f ® ¢j,5;+1/2) # 0
destruction of cusp forms

R. Phillips+P. Sarnak 1992:
R(s;(2)) = —|L(f ® ¢, + 1/2)|?

Petridis (2000): perturbation of scattering
poles for My(p):

A positive proportion of scattering poles moves
off the line R(s) = 1/4, if L(f,1) # 0.

RH< scattering poles R(s) = 1/4.

18



Theorem 10 (O’'Sullivan 1998, Petridis 2002)
At a cuspidal eigenvalue s;(1 —s;) of A with
cusp forms ¢;(2), I = 1,...,N, EYO9(z,s) has
a simple pole with residue

N

3 %L(f ® ¢p, 85+ 1/2)0 (55 — 1/2)¢y(2).

[=1

Remark 1 If the special values

L(f®d¢;,s;+1/2) =0,

then there is no pole at S and the value of
ELO(z s) at s; is

N
Y L'(f ® ¢p,85 + 1/2)¢(2) 4 other terms
=1

(up to Gamma factors)
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Remark 2 For My(q) double pole of ELO(z, s)
at s = sg, sg = p/2. Assume GRH, simplicity
of zeros.

Coefficient of (s — sg) ™2

Gamma factors- L(f,1)L(f,2 — 2sg)

If L(f,1) = 0, then residue is

junk - L'(f,1)L(2 — 2sp) + other terms

20



FEe(z,8) = UeD(z,s,¢)

(A +s(1—35))Ec(z,s) =0

gives
(Le + s(1 — s))D(z,s,¢) =0
Differentiate:
LD(z,5,0) + (A +s(1 —s))D(z,5,0) =0

D(z,s,0) = —R(s)(LE(z,s))

where

R(s) = (A+s(1—s)!

automorphic resolvent of A.
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Growth on vertical lines

V7l (s —1/2) 1-2s
P(s) = (s) ab~"“°L(s)

L(s)—l—l—zls, ;> 1
J

Phragmén-Lindelof on E(z,s)/L(s)
D(z,8) = —R(s)(LE(z,s))

1
— dist(z,Spec A)
Sobolev imbedding.

[1R(2)[]oo <
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Questions:
Cocompact (quaternion) groups I.

Risager: Hyperbolic Eisenstein series around
~v, gets Gauss distribution if

fr=

Eisenstein series twisted by period polynomi-
als of cusp forms of weight k£ > 2.

Higher-rank: SL,(R) (Goldfeld-Gunnells).
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