
�������

6LPXODWLQJ�3K\VLFDO�6\VWHPV
RQ�D�4XDQWXP�&RPSXWHU

%DUEDUD�0��7HUKDO
,%0�:DWVRQ�5HVHDUFK�&HQWHU��
<RUNWRZQ�+HLJKWV��1<

7RSLFV�

� 4XDQWXP�FRPSXWHUV�DQG�SK\VLFDO�V\VWHPV
� 6\VWHPV�ZLWK�ORFDO�ILQLWH�GHJUHHV�RI�IUHHGRP
� 6\VWHPV�FKDUDFWHUL]HG�E\�FRQMXJDWH�YDULDEOHV�
� %RVRQLF�V\VWHPV
� 8QSK\VLFDO�+DPLOWRQLDQV
� )HUPLRQLF�V\VWHPV
� 2SHQ�TXHVWLRQV��



�������

6LPXODWLQJ�TXDQWXP�V\VWHPV�RQ�D�
FODVVLFDO�PDFKLQH

5LFKDUG�)H\QPDQ�������

$�V\VWHP�ZLWK�Q�SDUWLFOHV��HDFK��VD\��JLYHQ�DV�D�
��OHYHO�V\VWHP�LV�GHVFULEHG�E\��Q FRPSOH[�FRHIILFLHQWV�
,Q�RUGHU�WR�VLPXODWH�WKH�WLPH�G\QDPLFV�ZH�KDYH�WR�
NHHS�WUDFN�RI�WKHVH��Q FRHIILFLHQWV�LQ�WLPH�ZKLFK�
WDNHV�H[SRQHQWLDOO\�PXFK�VSDFH���

%XW�DW�WKH�HQG��ZH�GR�D�PHDVXUHPHQW��VD\��RQ�D�VLQJOH�
TXELW��GR�ZH�UHDOO\�QHHG�WR�NHHS�WUDFN�RI�DOO�WKHVH��Q�FRHIILFLHQWV"

 �7KH�TXHVWLRQ�RI�WKH�SRZHU�RI�TXDQWXP�FRPSXWDWLRQ«��



�������

8QLYHUVDOLW\

5LFKDUG�)H\QPDQ��������

³:KDW��LQ�RWKHU�ZRUGV��LV�WKH�XQLYHUVDO�TXDQWXP�VLPXODWRU"
«�,I�\RX�KDG�GLVFUHWH�TXDQWXP�V\VWHPV��ZKDW�RWKHU�GLVFUHWH
TXDQWXP�V\VWHPV�DUH�H[DFW�LPLWDWRUV�RI�LW��DQG�LV�WKHUH�D�
FODVV�DJDLQVW�ZKLFK�HYHU\WKLQJ�FDQ�EH�PDWFKHG"´��

([SORUH�D�VHW�RI�SK\VLFDO�TXDQWXP�V\VWHPV«��

,QYROYHV�WKH�TXHVWLRQ�RI�HIILFLHQF\��JLYHQ�D�SK\VLFDO�V\VWHP�ZLWK�
Q�G�OHYHO�SDUWLFOHV��FDQ�ZH�VLPXODWH�WKH�WLPH�G\QDPLFV�RI�
WKLV�V\VWHP�RQ�RXU�XQLYHUVDO�TXDQWXP�FRPSXWHU�LQ�D�
SRO\QRPLDO�QXPEHU RI�VWHSV�LQ�Q"��



�������

7KH�TXDQWXP�FRPSXWHU�PRGHO

� +LOEHUW�VSDFH��D�WHQVRU�SURGXFW RI�WZR�GLPHQVLRQDO�VSDFHV
� 8VH���TXELW�JDWHV�EHWZHHQ�DQ\���TXELWV�DQG���TXELW�JDWHV
� ��TXELW�PHDVXUHPHQWV�LQ�FRPSXWDWLRQDO�EDVLV��
� 6LPXODWLRQ�FRVW��FRXQW�WKH�QXPEHU�RI���DQG���TXELW�JDWHV�
LV�LW�SRO\QRPLDO�LQ�Q"�

8�
8�

8�
0



�������

6\VWHPV�ZLWK�ILQLWH�ORFDO
GHJUHHV�RI�IUHHGRP

� +LOEHUW�VSDFH .� KDV�D�WHQVRU�SURGXFW�VWUXFWXUH�ZKHUH�HDFK�
WHUP�LQ�WKH�SURGXFW�KDV�D�VPDOO�ILQLWH�GLPHQVLRQ�
. .� 1 .��1«1 .Q ZKHUH�GLP�.L�� FL
� 7KH�+DPLOWRQLDQ�+�LV�D�VXP�RI�LQWHUDFWLRQV�LQYROYLQJ�D
D�VPDOO�FRQVWDQW�QXPEHU�RI�ORFDO�+LOEHUW�VSDFHV�.L�

+ ΣL +L��ZKHUH�+L DFWV�RQ��VD\��D�VPDOO�FRQVWDQW�QXPEHU�
RI�VSDFHV�.M��$�ORFDO�+DPLOWRQLDQ�

'\QDPLFV�RI�D�SK\VLFDO�V\VWHP�JLYHQ�E\�WLPH�LQGHSHQGHQW
+DPLOWRQLDQ�+ +@ �+�+HUPLWLDQ��ZKLFK�JLYHV�ULVH�WR�D�XQLWDU\�
WLPH�HYROXWLRQ�8 HL+W�



�������

([DPSOH

7KH�SUREOHP��
�� 0DWFK�TXELWV�ZLWK�ORFDO�+LOEHUW�VSDFHV�.L�

�� ([SUHVV�HL+W LQ�D�VHTXHQFH�RI�ORFDO�JDWHV��GHSHQGHQFH
RQ�DFFXUDF\�RI�VLPXODWLRQ��WLPH�W�DQG�QXPEHU�RI�TXELWV�Q�

&U\VWDO�VWUXFWXUH�ZLWK�QXFOHDU�VSLQV�RI�DWRPV�RQ�ODWWLFH�
VLWHV��,QWHUDFWLRQV�EHWZHHQ�WKH�VSLQV�LV�VKRUW�UDQJH��)RU�
H[DPSOH��WKH�-�FRXSOLQJ�EHWZHHQ�QHLJKERULQJ�QXFOHDU�
VSLQV��+ D�;1;��D�<1<��D�=1=�



�������

6PDOO�WLPH�VWHS�PHWKRG

+ $�%��ZKHUH�>$�%@ $%�%$�g�

8VH�%DNHU�&DPSEHOO�+DXVGRUII�IRUPXOD�IRU�VPDOO�W�

32/],[)( 2

tOeeee tBABtAttBA += −+

( )kktBAiiHtt eeU /)( +==

7DNH�D�ODUJH�LQWHJHU�N��VXFK�WKDW�W�N�������ZH�ZULWH

6LPXODWH�$�DQG�%�IRU�D�VKRUW�WLPH�W�N�LQ�DOWHUQDWLQJ�IDVKLRQ�

DQG�ZH�VLPXODWH��

ktBAikt eU /)(/ += E\ kiBtkiAtkt eeU /// =



�������

$SSUR[LPDWLRQ�HUURU

δ≡==−

⇒=−
22

2//

ktOktkOUU

ktOUU
tt

ktkt

__$__�LV�RSHUDWRU�QRUP��
__$__ PD[ω__�$_ω!�__

1RZ�FRQVLGHU�D�JHQHUDO�ORFDO�TXELW�+DPLOWRQLDQ�

kiHte /

∑
=

=
)(

1

npoly

j
jHH

ktiHktiHktiHkt peeeU //// 21=:H�DSSUR[LPDWH E\

6LPXODWLRQ�FRVW��ZKHQ�HDFK�+L DFWV�RQ�D���TXELW�+LOEHUW�VSDFH��
7R�REWDLQ�D�ILQDO�DFFXUDF\�δ��ZH�XVH�N�SRO\�Q� 2�W��δ�SRO\�Q�
��TXELW�JDWHV�

1RWH�W� GHSHQGHQFH���



�������

6\VWHPV�ZLWK�FRQWLQXRXV�
FRQMXJDWH�YDULDEOHV

&RQVLGHU�+ +��S��+��[���GURS�ÖV�RQ�RSHUDWRUV�

([DPSOH��D�TXDQWXP�SDUWLFOH�LQ�D�SRWHQWLDO��L�H��+��[� 9�[��
�WKH�SRWHQWLDO��DQG�+��S� S

���P�ZKHUH�P�LV�WKH�PDVV�

���2EVHUYDEOHV�RI�SRVLWLRQ�[�DQG�PRPHQWXP�S�RI�D�
SDUWLFOH�
���%RVRQLF�V\VWHPV��VHH�IXUWKHU
���3KDVH�GLIIHUHQFH�DQG�QXPEHU�RI�&RRSHU�SDLUV�WXQQHOHG
LQ�VXSHUFRQGXFWLQJ�-RVHSKVRQ�MXQFWLRQ�

pdpex ipx∫
∞

∞−

=
π2

1iIpx =]ˆ,ˆ[
>>=

>=
pppp

xxxx

||ˆ

,|ˆ



�������

6LPXODWLRQ

pex
n np

p

ipx

n ∑ −=

=
= 12

0

2/2

2

1 π

'LVFUHWL]H�+LOEHUW�VSDFH��_[!��[ �«�Q�����
DQG�OHW�WKH�S�EDVLV�EH�UHODWHG�WR�WKH�[�EDVLV�E\�D�GLVFUHWH�
)RXULHU�WUDQVIRUP��

2/)(/)(/ 21 ktOeeU ktxiHktpiHkt +=
$V�EHIRUH��VOLFH�XS�VLPXODWLRQ�LQ�VPDOO�WLPH�VWHSV�W�N��




























































−

−

− ktiH

ktiH

FT
ktiH

ktiH

FT
nn

e

e
U

e

e
U

/)12(

/)0(

1

/)12(

/)0(

2

2

1

1

0

0

0

0
OO

��DQG�LPSOHPHQW�ZLWK�

>= xxxx |ˆ



�������

'LDJRQDO�3KDVHVKLIWV

:H�FDQ�FRPSXWH�J�S�h+��S��W�N�JLYHQ�S��L�H��
_S!1_�!t_S!1_J�S�/�! ZKHUH��VD\��J�S��LV�
JLYHQ�ZLWK�O�ELWV���
7KHQ�ZH�FDQ�XVH�WKH�IROORZLQJ�FLUFXLW�

E�LV�WKH�FRQWURO�ELW�
7KH�FLUFXLW�XVHV�
O�FRQWUROOHG���TXELW�
SKDVHVKLIWV�



�������

7RWDO�&RVW�RI�6LPXODWLRQ
5XQ�IRU�WLPH�W��REWDLQ�DFFXUDF\�δ �RPLWWLQJ�HUURU�GXH�WR
GLVFUHWL]DWLRQ��

1XPEHU�RI�HOHPHQWDU\�JDWHV 2�W��δ���2�Q����O�

�JDWHV�IRU�)RXULHU�WUDQVIRUP

SKDVHVKLIWV

0DQ\�SDUWLFOH�V\VWHP�ZLWK�>[L�SM@ >SL�SM@ ��IRU�LgM�

),...,,()( 211 m

m

i ii xxxVpHH += ∑ =

%DVLV�IRU�+LOEHUW�VSDFH�LV�
mxxx ,...,, 21



�������

%RVRQV
)RU�H[DPSOH��SKRWRQV«�
&UHDWLRQ�DQG�DQQLKLODWLRQ�RSHUDWRUV�RI�D�SDUWLFXODU�
PRGH��FKDUDFWHUL]HG�E\�SRODUL]DWLRQ�DQG�ZDYH�
YHFWRU�
D@_Q! �Q������_Q��!��D_Q! Q���_Q��!�DQG�WKHLU�
FRPPXWDWLRQ�UHODWLRQV�>D��D@@ ���
)XUWKHUPRUH��D�DQG�D@ FRPPXWH�ZLWK�FUHDWLRQ�DQG�
DQQLKLODWLRQ�RSHUDWRUV�E��E@ RI�D�GLIIHUHQW�PRGH��
7DNH

)(
2

1

),(
2

1

+

+

−=

+=

aa
i

p

aax

a

a iIpx =
+HUPLWLDQ�
FRQMXJDWH�YDULDEOHV«



�������

%RVRQLF�UHSUHVHQWDWLRQ

7DNH�D�EDVLV�IRU�ILQLWH�+LOEHUW�VSDFH��_[D! _��«��
Q��!

2U�IRU�PRUH�PRGHV��_[D!1 _[E!«��
*RDO��VLPXODWH�ERVRQLF�LQWHUDFWLRQV��SRVVLEO\�EHWZHHQ�
GLIIHUHQW�PRGHV��ZLWK�D�QXPEHU�RI�HOHPHQWDU\�JDWHV�
WKDW�LV�SRO\QRPLDO�LQ�Q���/DUJH�Q�OLPLW��VLPXODWLRQ�VKRXOG�
FDSWXUH�VRPH�RI�WKH�FRQWLQXXP�G\QDPLFV�

),1(
2

1

),(2

)()(

22

12

21

−+==

−

=++−=

+

++

aa

aa

pxaaH

px

aaaaiH

αα

αα

,Q�FRQMXJDWH�YDULDEOH�UHSUHVHQWDWLRQ��WKHVH�LQWHUDFWLRQV
FDQ�EH�VLPXODWHG�HIILFLHQWO\��

'LVSODFHPHQW�

3KDVHVKLIWHU�



�������

6RPH�/LQHDU�2SWLFV�,QWHUDFWLRQV

baba

baba

ppxxbaabH

ppxxbaabH

+=+=

−=+=
++

++ ,µ6TXHH]HU¶�

%HDPVSOLWWHU��

%XW�RWKHU�LQWHUDFWLRQV VXFK�DV
PD\�EH�KDUGHU«

aaaa xppxH +=

$UH�ZH�H[SHFWLQJ�WRR�PXFK��LI�ZH�DVN�IRU�D�SRO\QRPLDO��LQ�Q�
VLPXODWLRQ�KHUH"

(QHUJ\�RI�V\VWHP�¨ QXPEHU�RI�OHYHOV�¨ �Q

(QHUJ\�WR�SK\VLFDOO\�RSHUDWH�RQ�V\VWHP�¨ �Q



�������

6SHFLDO�µ8QSK\VLFDO¶�V\VWHPV��

µ8QSK\VLFDO¶��VLQFH�LQWHUDFWLRQ�
LQYROYHV�DOO�Q�TXELWV��

+ =1=1«1=





−= 10
01Z >−>= ⊕⊗ xxZ ii xn |)1(|

7KLV�VXJJHVWV����

>⊗>>→⊕⊗>

→>⊕⊗>>→⊗>
⊕⊕ −− 0||0||

0||0||

)1()1( xexxe

xxx

ti
jj

ti

e
jj

jxjjxj

iZt

&RVW���Q���TXELW�&127�JDWHV�����TXELW�URWDWLRQ

RQ�ODVW�TXELW



�������

µ8QSK\VLFDO¶�V\VWHPV��

6LPLODU�IRU�+¶ ;1=1,1«1<�HWF�

UeUe tZIZZitiH )...(1’ ⊗⊗⊗⊗−=




 −=


= 0
0,01

10
i

iYX

VLQFH

ZKHUH�8�LV�D�WHQVRUSURGXFW�RI���TXELW�RSHUDWLRQV�8�«8Q
URWDWLQJ�=�WR�;�DQG�<��IRU�H[DPSOH�8�

�� =�8� ;��ZLWK





−= 11
11

2

1
1U 7KH�+DGDPDUG�WUDQVIRUPDWLRQ

&RQFDWHQDWLRQ�ZLWK�WKH�SUHYLRXV�WHFKQLTXHV�DOORZV�D
VLPXODWLRQ�RI�+DPLOWRQLDQV�ZKLFK�DUH�VXPV�RI�SRO\QRPLDOO\�
PDQ\�WHUPV��HDFK�RI�ZKLFK�KDV�D�SRO\QRPLDO�WLPH�FLUFXLW

VXFK�DV�+¶�



�������

)HUPLRQV�
([DPSOH���VSLQOHVV��HOHFWURQV�RQ�D�ODWWLFH��7KH�RSHUDWRU�DL

@ �DL�
FUHDWHV��DQQLKLODWHV��DQ�HOHFWURQ�DW�ODWWLFH�VLWH�L��6LQFH�HOHFWURQV�
DUH�IHUPLRQV��QR�WZR�HOHFWURQV�FDQ�RFFXS\�WKH�VDPH�VWDWH�
�KHUH�WKH�VDPH�ODWWLFH�VLWH���7KXV�ZH�FDQ�DVVRFLDWH�WKHLU�
SUHVHQFH�DEVHQFH�DW�D�ODWWLFH�VLWH�ZLWK�D���OHYHO�V\VWHP�

�&RPSDUH�ZLWK�ERVRQV LQ�ZKLFK�PDQ\�SDUWLFOHV�FDQ�EH�
FUHDWHG�LQ�WKH�VDPH�PRGH�DQG�WKHUHIRUH�+LOEHUW�VSDFH�RI�
D�VLQJOH�PRGH�LV�ODUJH���

%HFDXVH�RI�DQWL�FRPPXWDWLRQ UHODWLRQV�DPRQJ�DL��DL
@� DM� DQG�

DM
@��L�H� DLDM�DMDL ���DL

@DM
@�DM

@DL
@ ���DL

@DM�DMDL
@  ,δLM���

ZH�FDQ�FKRRVH

>−>=

>=

+−
⊕ −

=
niii

x
i

i

xxxxxxa

xa

k
i
k ...,,...|)1(|

,0|

111

1
1

ZKHQ�[L �1RQ�ORFDO�SKDVH�
µWKH�VLJQ�SUREOHP¶



�������

)HUPLRQLF�LQWHUDFWLRQV

6LPXODWH�WLPH�HYROXWLRQ�JHQHUDWHG�E\
�FRXQWLQJ�WKH�HOHFWURQV�

∑
=

+=
n

i
ii aaH

1

0],[ =++
jjii aaaa &KHFN�ZLWK�DQWL�FRPPXWDWLRQ�UHODWLRQV���

7KXV�HL+W HL+�W�HL+�W«HL+QW������ZKHUH iii aaH +=
6LQFH�DL

@DL_[! ��LI�[L ��DQG�DL
@DL_[! _[!�ZKHQ�[L ��

:H�FDQ�UHSUHVHQW�DL
@DL�DV��,�=����DFWLQJ�RQ�WKH�LWK�TXELW�

7KXV�ZH�FDQ�LPSOHPHQW�WKH�WLPH�HYROXWLRQ�E\�D�VHTXHQFH�

RI���TXELW�URWDWLRQV�HL�,�=�W��

6LPSOH«�QR�JOREDO�SKDVHV�



�������

��SDUWLFOH�WXQQHOLQJ�LQWHUDFWLRQ

6LPXODWH�WLPH�HYROXWLRQ�JHQHUDWHG�E\
�HOHFWURQV�KRSSLQJ�RYHU�D�ODWWLFH�/�

)(
),(

ij
Lji

ji aaaaH +

∈

+ += ∑

&RQVLGHU�D�VLQJOH�+HUPLWLDQ�WHUP��L���M���

>+>= ++ ........|| jiijjiij xxaaaaxH

0...1..1...|,0...0..0...| >=+>=+ ++++
jiijjijiijji aaaaaaaa

>−−>=+

>−>=+
−
=

−
=

⊕++

⊕++

...1..0...|)1(...0..1...|

,...0..1...|)1(...1..0...|
1

1

ji
x

jiijji

ji
x

jiijji

k
j

ik

k
j

ik

aaaa

aaaa



�������

,Q�WHUPV�RI�3DXOL�PDWULFHV«

:H�FDQ�UHZULWH�WKLV�LQ�WHUPV�RI�3DXOL�PDWULFHV�DV���

>⊗⊗⊗+⊗>= −+ xZZYYXXxH jijijiij |)..)((
2

1
| 11

$Q�µXQSK\VLFDO¶�+DPLOWRQLDQ�ZLWK�FRPPXWLQJ�WHUPV��VR�
ZH�FDQ�VLPXODWH�HDFK�WHUP�VHSDUDWHO\�ZLWK�WKH�SURFHGXUH
WKDW�ZH�KDYH�JLYHQ�SUHYLRXVO\�

6LPXODWLRQ FRVW�RI�D�SDLUZLVH�LQWHUDFWLRQ���Q�&127����
VLQJOH�TXELW�LQWHUDFWLRQV�
7KH�WRWDO�+DPLOWRQLDQ�+�ZKLFK�LV�WKH�VXP�RI�WKH�SDLUZLVH
LQWHUDFWLRQV�FDQ�WKHQ�EH�VLPXODWHG�ZLWK�WKH�VPDOO�WLPHVWHS�
PHWKRG�

1RQ�ORFDO�



�������

&RPPHQWV

� 2WKHU�SK\VLFDO��SDULW\�SUHVHUYLQJ��LQWHUDFWLRQV�FDQ�EH�
VLPXODWHG�VLPLODUO\��
� )DVWHU�VLPXODWLRQ��2�ORJ�Q���E\�FOHYHUHU�HQFRGLQJ
�%UDY\L�.LWDHY��



�������

2SHQ�TXHVWLRQV

� :KDW�VLPXODWLRQV�GR�SK\VLFLVWV�FDUU\�RXW�RQ�WKHLU�3&V"�
6LPXODWLRQV�RI�QRLV\�V\VWHPV��V\VWHPV�DW�ILQLWH�
WHPSHUDWXUH��FDOFXODWLRQV�RI�FRUUHODWLRQ�IXQFWLRQV«�

� 6LPXODWLRQ�RI�UHODWLYLVWLF�ILHOG�WKHRULHV��ODWWLFH�JDXJH�
WKHRULHV«"

� 4XHVWLRQ�DERXW�VWDUWLQJ�VWDWHV��IRU�H[DPSOH��SUHSDUH�
*DXVVLDQ�ZDYHSDFNHW�IRU�TXDQWXP�SDUWLFOH�LQ�D�SRWHQWLDO�

:H�KDYH�VHHQ�WKDW�D�YDULHW\�RI�SK\VLFDO�V\VWHPV�FDQ�EH�
HIILFLHQWO\�VLPXODWHG�RQ�D�TXDQWXP�FRPSXWHU��7KH�UHODWHG
TXHVWLRQ�DERXW�XQLYHUVDOLW\�LV�DOVR�RI�JUHDW�LQWHUHVW��
&DQ�ZH�ILQG�SK\VLFDO�TXDQWXP�V\VWHPV�ZKRVH�QDWXUDO�G\QDPLFV
JLYHV�ULVH�WR�D�VWURQJHU�TXDQWXP�FRPSXWDWLRQ�PRGHO"
)URP�ZKDW�ZH�KDYH�VHHQ�WKH�DQVZHU�LV�12��
$Q�DOWHUQDWLYH�GHVFULSWLRQ�RI�TXDQWXP�FRPSXWDWLRQ�PD\�EH�
XVHIXO�WR�XQGHUVWDQG�WKH�SRZHU�RI�4&V�


