Fields Institute Annual Report 2010-2011

Full Reports for Lectures and Special Events, GSA, CMM,
CIM, and Math Education

LECTURES AND SPECIAL EVENTS

Fields-Carleton Distinguished Lecture Series: Donald Dawson
March 23 and 25, 2011, Held at Carleton University

On March 23 and 25, 2011, Carleton University was proud to have our colleague Don
Dawson as Distinguished Lecturer in the Fields-Carleton Distinguished Lecture Series.

Dawson is a leading researcher in probability and stochastic processes and their
applications to complex systems, statistical physics, genetics and evolutionary biology.
He served as Director of the Fields Institute in 1996-2000 and as the President of the
Bernoulli Society for Mathematical Statistics and Probability for 2003-2005. He is a
Fellow of the Royal Society of Canada, Institute of Mathematical Statistics and
International Statistical Institute and received a Max Planck Award for International
Cooperation from the Humboldt Foundation in 1996, the CRM-Fields prize in 2004, and
an honourary Dr.Sci. degree from McGill University in 2005. He was elected to the
Royal Society (London) in 2010.

In his public lecture, Dawson presented some historical perspectives on three major
developments in probability theory and explained how these had been motivated by
scientific phenomena in which randomness plays an essential role. The first of these is
the rise of stochastic analysis. This can be traced back to the discovery of Brownian
motion by Bachelier in 1900 in his modelling of the fluctuations of prices on the Paris
Bourse, and to Einstein's revolutionary paper on the Brownian motion of a pollen particle
suspended in a liquid as a result of random molecular bombardment. Following the
seminal work of Wiener and Lévy, the study of Brownian motion developed into a rich
mathematical theory and Brownian motion has become a fundamental mathematical
object that arises throughout the sciences, sometimes in surprising ways. The next step in
the development of stochastic analysis was the remarkable discovery by Kiyoshi Ito of
the stochastic integral which made possible the development and application of stochastic
differential equations in the physical and biological sciences, and which was recognized
by the award of the first Gauss Prize for mathematical discoveries having an impact on
science and society by the International Mathematical Union in 2006. In particular the
stochastic calculus played a central role in the development of mathematical finance
based on ideas going back to Bachelier. The most celebrated of these is the Black-
Scholes formula which resulted in the award of the Nobel Prize to Merton and Scholes in
1997. The trading of options based on these methods has grown to a volume which
exceeded 3 billion contracts in 2010. Dawson recounted some of the issues surrounding



the 2007-2008 financial meltdown and explained how this illustrates the mathematical
challenges of complex highly interactive systems.

He then introduced the development of Markov dynamics going back to the work of
Markov in Saint Petersburg and of Kolmogorov and his school in Moscow in the 1930's.
This is based on the basic notion of conditional probabilities and the resulting class of
Markov chains plays an essential role in the modelling of population genetics,
communications networks and many other fields. He also mentioned the role of Markov
chains in the creation of information theory by Claude Shannon who is often regarded as
the father of the information age. He went on to describe how this, together with the
Monte Carlo method introduced by Ulam, von Neumann and Metropolis in 1946, led to
the development of the Markov-Chain Monte Carlo method which has become a
powerful tool in statistics, machine learning and expert systems. He introduced the main
idea with an example due to Diaconis which illustrates how randomness can be used to
find a solution among a huge number of possibilities by random sampling and iteratively
choosing solutions which are better according to some measure but also allow for
keeping inferior ones with some probability and explained how this method can be
refined using the method of simulated annealing.

He then described the class of random graphs introduced by the Hungarian
mathematicians Paul Erdds and Alfréd Rényi, and the current developments in more
complex random graphs having the “small worlds property”. He gave a brief introduction
to the problem of percolation and the breakthroughs over the past decade due to Schramm,
Lawler, Smirnov and Werner, which were recognized by the awarding of the Fields

Medal to Werner (2006) and Smirnov (2010).

Dawson concluded his first lecture by commenting on current challenges to stochastic
modelling and analysis posed by complex nonlinear random systems as illustrated by the
examples of financial markets, ecosystems and the spatial spread of epidemics.

His second lecture, delivered to a more mathematically inclined audience, focused on
spatial structures and universality classes which arise in the study of biological systems
distributed in space which involve randomness and nonlinearity. The basic starting point
of this development is the classical Galton-Watson branching process and the
corresponding spatial model, namely, the branching random walk. The measure-valued
process which arises as the renormalized limit of a system of branching random walks on
the Euclidean lattice is the super-Brownian motion (SBM). The process is characterized
by means of the Laplace transform of the marginal distributions which is obtained in
terms of the solution of a nonlinear partial differential equation.A more complete picture
of the Galton-Watson process is given by the corresponding family tree. A tree can be
represented by its contour function and then associated to an excursion of a random walk.
Over the past twenty years the structure and evolution of these genealogical trees has
been extensively studied. In the early 1990’s Aldous discovered that the renormalized
limit of the branching tree is given by a continuum random tree, which corresponds to a
Brownian excursion. The CRT can be embedded into R? with image measure given by
ISE which is the total occupation time measure of a super-Brownian excursion. The
nature of these objects is highly dimension dependent related to the intersection



properties of a SBM. For example the ranges of two super-Brownian motions in R¢
intersect if and only if d <7 and the support of ISE is a tree if and only if d >8.

The classical invariance principle implies that the scaling limit of a large class of discrete
stochastic processes is given by Brownian motion. Expanding on this, the idea that the
large space and time scale behaviour of many physical systems can be classified into
“universality classes” and that the structure of such classes is highly dimension-
dependent, is one of the great developments in statistical physics. In the realm of
population processes, universality classes associated to SBM and ISE have emerged from
a surprising range of particle systems and random combinatorial objects. Over the past
few years a super-Brownian invariance principle due to Cox, Durrett and Perkins has
been used, for example, to determine parameter regimes for coexistence for spatial Lotka-
Volterra systems, and the critical behaviour of spatial epidemics. The leads to the
questions as to why rescaled population processes converge to SBM and how to identify
analogous universality classes for multitype systems? He described his joint work with
Andreas Greven to develop an approach to these questions in which the spatial structure
is simplified but in such a way as to retain certain potential theoretic properties. This
involves modelling a population as a hierarchy of subpopulations at different levels with
exchangeable dynamics at each level. In the simplest case this corresponds to the mean-
field approximation of statistical physics and leads to a deterministic partial differential
equation, the McKean-Vlasov equation, which characterizes the limiting empirical
distribution as the population size goes to infinity. The full hierarchical mean-field
analysis has been used to identify universality classes of critical stochastic mechanisms at
the small scale and large scale limits including branching, catalytic branching, mutually
catalytic branching and Wright-Fisher diffusion. A recent application of this approach is
the analysis of the emergence of rare mutants in a spatial population. The latter provides
an example of a nonlinear stochastic system in which randomness remains, even at the
macroscopic level.

He concluded by describing the mathematical challenges posed by questions related to
the emergence of new levels of complexity and organization in systems involving
stochastic, spatial and nonlinear aspects.

Both lectures were truly outstanding insightful presentations that made a lasting
impression on the audience.

Barbara Szyszkowicz (Carleton)

Nathan and Barbara Keyfitz Lecture in Mathematics and the Social Sciences:
George Lakoff
March 14, 2011, Held at the Fields Institute

George Lakoff’s Nathan and Beatrice Keyfitz Lecture, The Cognitive and Neural
Foundation of Mathematics: The Case of Godel’s Metaphors, was held at the University
of Toronto on March 14, 2011. It was a highlight of the Workshop on Semiotics,
Cognitive Science and Mathematics. Lakoff outlined a fascinating, albeit controversial,
perspective of how mathematicians form their proofs, focusing on Godel’s famous



indeterminacy proof. Lakoff argued that the proof had a basic metaphorical structure in
the way it was argued and laid out; this provides further evidence in favor of his working
hypothesis that mathematical ideas originate in figurative cognition—a hypothesis he put
forward with Rafael Nudfiez in a book entitled Where Mathematics Comes From: How the
Embodied Mind Brings Mathematics into Being.

Lakoff has been a professor of linguistics at the University of California at Berkeley since
1972. He is well-known in linguistics as an originator of a theory of language known
generally as conceptual metaphor theory, which he developed initially with philosopher
Mark Johnson in their book, Metaphors We Live By. The book described what is,
arguably, a veritable discovery of how the human brain generates and comprehends
language. It does so through a process of association that reveals itself in figures of
speech, which are tokens of how the brain blends experience with abstract thoughts to
produce concepts with a manifest metaphorical structure. Thus, a simple metaphorical
utterance—such as “That mathematician is a snake”—is really just a token of a higher-
level cognitive formula, namely that people are animals. The former is a linguistic
metaphor, the latter a conceptual metaphor. The number of significant and corroborative
research findings brought about by the discovery of conceptual metaphors has been
plentiful; even today, linguists of a different theoretical persuasion cannot avoid making
reference to Lakoff’s ideas. As Lakoff and Nufiez argued in 2000, mathematical ideas are
products of the same conceptual metaphorical system that generates language. The claim
is not as far-fetched as it seems, especially under the assumption that language and
mathematics are cognitively interrelated and that the conceptual basis of language is
metaphorical, even though we do not consciously realize this as we speak and carry out
cognitive activities, such as solving mathematical problems.

Lakoff began his lecture by asserting that mathematics is a creation of the human mind,
not something that exists in the absolute as Plato and current-day Platonists would
maintain. He then argued his hypothesis by looking at Cantor’s proof that there are more
irrationals than rationals, which, he claimed, was guided by a simple metaphor—the
familiar geometrical image of a diagonal. This metaphor is visible in Cantor’s
diagrammatic layout—a square array of numbers through which a diagonalized subset
comes into view to show the theorem’s tenability.

Gadel’s proof is the result of an analogous metaphorical argumentation. In his famous
1931 paper, Austrian-born American mathematician Kurt Godel proved that within any
formal logical system there are results that cannot be proved or disproved. Such results
are said to be undecidable. A consequence of Godel’s brilliant demonstration is that any
logically defined system, even one as familiar as arithmetic, might give rise to
contradictory results. How did GAdel come up with this ingenious proof?

Lakoff claims that Godel must have been inspired and guided unconsciously by Cantor’s
diagonalization and one-to-one matching metaphors, leading him to imagine three
metaphors of his own. Lakoff’s reasoning went schematically as follows: Godel’s first
metaphor, called the Godel Number of a Symbol, can be seen in his argument that a
symbol (in any formal system) is the corresponding number in the Cantorian one-to-one



matching system, whereby any two sets of symbols can be put into a one-to-one relation.
Godel’s second metaphor, called the Godel Number of a Symbol in a Sequence, was his
reasoning that the nth symbol in a sequence is the nth prime raised to the power of the
Godel Number of the Symbol. Gddel’s third metaphor, called Godel’s Central Metaphor,
was his proof that a symbol sequence is the product of the Gddel numbers of the symbols
in the sequence.

Lakoff gave a detailed argument, and then concluded by entering metaphorically into
Godel’s brain, claiming that he came to his proof through a “blending process.” A blend
is formed when the brain identifies two distinct entities in different neural maps as the
same entity in a third neural map; the three maps together constitute the blend. In the
metaphor That mathematician is a snake, the two distinct entities are “the
mathematician” and “the snake.” Their blending together is guided by the inference that
people are animals. This is the final touch to the conceptual blend, which keeps the two
entities distinct in different neural maps, while identifying them as a single entity in the
third map. A metaphorical blend occurs when the entities in the two maps are the source
(animals) and target (people) of a metaphor. Godel’s metaphors are neural circuits linking
a number source to a symbol target. In each case, there is a metaphorical blend, with a
single entity composed of both a number and a symbol sequence. When the symbol
sequence is a formal proof, a new mathematical entity appears— a “proof number.”

“So what?” Lakoff asked as part of his final remarks. If he is correct, the answer would
be “A lot!” Proof and mathematical discoveries in general are located in the same neural
circuitry that supports all cognition. It is this circuitry that allows us to interpret
meaningless formal logical expressions as talking about themselves. Although the
diagonal array used by Godel was based only on numbers, the interpretation of the crucial
sentence in the array had nothing to do with numbers, sums, or products. It was only
about provability in a formal system.

Lakoff’s lecture gave a great deal of insight into how mathematics works inside the brain
and how it is interconnected with other faculties through blending and associative
processes. Mathematics works when it has meanings that fit our basic experiences of the
world, such as quantity, space, motion, force, change, mass, shape, probability, and self-
regulating processes.

Marcel Danesi (Toronto) and Mariana Bockarova (Harvard)

Coxeter Lecture Series: Neil Ferguson
August 4-6, 2010, Held at the Fields Institute

The 2010 Summer Thematic Program on the Mathematics of Drug Resistance in
Infectious Diseases was held at the Fields Institute during July and August. In association
with this thematic program, Professor Neil Ferguson was invited to the Fields Institute to
deliver the Coxeter Lecture Series on Mathematical modelling of emerging infectious
disease epidemics and their control.



Ferguson, a Professor of Mathematical Biology in the Division of Epidemiology, Public
Health, and Primary Care of the Medical School at Imperial College, is a world leader in
the use of mathematical models in infectious disease epidemiology. He is the Director of
the MRC Centre for Outbreak Analysis and Modelling.

In the first lecture, Ferguson reviewed the development of outbreak modelling over the
last two decades and discussed the drivers which lead to more complex computational
simulations being increasingly used replacing simpler compartmental models of disease
transmission. The second lecture discussed ways in which modelling can be optimally
used to assist public health policymakers in their planning for and reaction to emerging
infectious disease threats—an issue on which Ferguson is an expert, and which was of
great interest to the thematic program participants. The third lecture focused on the
potential impact of antiviral resistance during an influenza pandemic. He offered several
explanations for new findings that show the degree to which previous risk assessments
concerning antiviral resistance in influenza pandemics have been over-pessimistic. In the
lecture, Ferguson touched on the critical issue of the dependence of the final impact of
resistance during a closed epidemic on the transmissibility of a sensitive and resistant
virus, the mutation rate from one type to the other, and the level of seeding of both viral
types at the beginning of the epidemic. He argued that resistance is not likely to entail a
substantial reduction of effectiveness of antivirals during the start of a pandemic, but that
intensive drug use in this phase can lead to a higher degree of resistance in later
epidemics. His concluding remark that “simple models suggest antiviral resistance could
be a major issue in the first wave of a new pandemic, but allowing for spatial
heterogeneity reduces speed of resistance” strongly echoed the theme of transmission
heterogeneity of the two-week block of this entire thematic program on mathematics for
drug resistance.

Jianhong Wu (York)

Coxeter Lecture Series: Shiri Artstein-Avidan
September 17, 20, 21, 2011, Held at the Fields Institute

Shiri Artstein-Avidan’s lectures provided a new view of some of the classical
mathematical transformations and maps, such as polarity, the Fourier transform, the
Legendre transform, the derivative and others. These are so commonly used in
mathematics and in mathematically inclined fields that one rarely gives them a second
thought. However, it is a natural question to ask why these transforms are defined the
way they are. How little do we have to posit to get full definitions of these transforms?
Several new and fundamental answers to these questions were given by Shiri Artstein-
Avidan in her Coxeter Lecture.

Shiri Artstein-Avidan is an Associate Professor at the School of Mathematical Sciences
of Tel Aviv University. She completed her PhD there in 2004 and then moved to the US
as a Veblen Research Instructor at Princeton University and the Institute for Advanced
Study. In 2006, she returned to Tel Aviv University. She has worked on a wide array of
guestion in geometry and analysis ranging from the concentration of measure
phenomenon in the asymptotic theory of Banach spaces to symplectic capacities. She is



perhaps best known for her solution, jointly with Keith Ball, Franck Barthe, and Assaf
Naor, of the problem of the monotonicity of entropy, for her joint work with Stanislaw
Szarek and Nicole Tomczak-Jaegermann on the duality of metric entropy, and for the
results she presented in her Coxeter Lecture.

In her Coxeter Lecture, the starting point was polarity a central concept in geometry,
functional analysis and in many other mathematical fields. What are the most basic
properties which characterize the polarity transform — apart from its concrete definition
by formula? It is easy to see that polarity is an order reversing involution, and it was
proved by Karoly Boréczky, Jr., and Rolf Schneider — answering a question by Vitali
Milman — that up to linear terms, this property characterizes the polarity transform
completely. Namely, polarity is — up to linear terms which can be thought of as changes
of coordinates in the base and target space — the only way to define a transform on
convex sets that is order reversing and involutive, that is, when applied twice it will
return the original object. The Bordczky-Schneider Theorem belongs to a group of
important results in geometry ranging from Hugo Hadwiger’s celebrated characterization
theorem of intrinsic volumes and Semyon Alesker’s classification of translation invariant
valuations, to Peter M. Gruber’s characterization of endomorphisms of the lattice of
convex sets.

In joint work with Vitali Milman, Artstein-Avidan obtained a new family of results now
on classes of functions. They showed that the classical Legendre transform can be
characterized in a way similar to polarity: up to linear terms, it is the only involution on
the class of convex lower semi-continuous functions on Rn which reverses the (partial)
order of functions. Since the Legendre transform has another special property, namely
that it exchanges summation of functions with their inf-convolution, this implies that an
involution on lower semi-continuous convex functions which reverses order must have
this special property. Artstein-Avidan and Milman proved that the opposite is also true,
namely any involutive transform (on this class) which exchanges summation with inf-
convolution, must reverse order, and, in fact, must be (up to linear terms) the Legendre
transform. Thus very minimal basic properties define essentially uniquely a classical
transform which traditionally was only defined in a concrete manner.

A similar analysis was performed by Artstein-Avidan jointly with Semyon Alesker and
Vitali Milman on the Fourier transform, where the key characteristic is that of
exchanging products with convolutions. They proved again that a very basic and every-
day used property is sufficient to define this classical transform completely.

The derivate is a slightly different story — the Leibniz law is well investigated and in
abstract settings transforms which satisfy this law are called “abstract derivatives”. But
the chain rule, again used by all from their very first calculus course, had been less well
investigated and it was not known that it characterized the derivative transform up to
some obvious additional terms. This classification result was established by Artstein-
Avidan in a recent joint work with Herrmann Kénig and Milman.



The above results are only small selections of the results described by Shiri Artstein-
Avidan in her Coxeter Lecture. She also presented beautiful recent results obtained
jointly with her students Dmitry Faifman, Dan Florentin, and Boaz Slomka. Moreover
she was able to give some sense of the proofs and to outline possible future
developments.

Monika Ludwig (Vienna University of Technology)

Coxeter Lecture Series: Srinivasa Varadhan
April 13-15, 2011, Held at the Fields Institute

From April 13 to 15, the Fields Institute was fortunate to have S.R.S. Varadhan deliver
the Coxeter Lecture Series as part of the Thematic Program on Dynamics and Transport
in Disordered Systems. Varadhan, a professor at the Courant Institute of Mathematical
Sciences, has long been recognized as one of the world’s most influential probabilists. He
is known throughout mathematics for his deep insight, and in 2007 he was awarded the
Abel Prize “for his fundamental contributions to probability theory and in particular for
creating a unified theory of large deviations.” He used his three lectures to give a broad
overview of large deviations.

Large deviations can be thought of as the study of rare events. Instead of studying the
typical behavior of a random system, large deviations focuses on atypical events and
asks: Just how rare are they? What happens when they do occur? Precise answers are
important, as a wide variety of phenomena turn out to hinge on events with very small
probabilities but very large effects.

The first rigorous large deviations results are due to the Swedish actuary Cramér. For an
insurance company offering protection against hurricanes, earthquakes, and other
calamities, understanding rare events is important. Cramér’s work applies to all of these
situations, but is easily understood in the context of coin tossing. If we begin with a fair
coin, then after a large number of tosses we expect to observe an equal proportion of
heads and tails (the typical behavior). There is, however, a small probability of observing
a proportion of heads that is different from %2 (a rare event), and the large deviations
problem is to compute how quickly this probability decays as more coin tosses are made.

Cramér gave a solution to this problem (and the more general one for sums of
independent random variables) in 1937. Thirty years later, Varadhan took the ideas
underlying Cramér’s work and turned them into a cohesive set of principles with
extremely wide applicability. In his first lecture VVaradhan explained the abstract
principles behind large deviations, strongly emphasizing that they are a guiding point of
view rather than a fixed theory. He used the rest of the lecture series to apply this point of
view to a series of increasingly complex problems. Each served to illustrate the general
principles and the central issues one encounters in applying them.

In Varadhan’s general formulation, one specifies a model (like coin tossing) as a
sequence of probability measures. There is also an event which, under these measures,



has an exponentially decaying probability. The goal is to compute the rate of decay.
Laplace’s principle suggests that the rate will be governed by that part of the event where
the probability decays slowest; the rate should therefore be an infimum of some function
over the event.

Varadhan explained that the strategy is to change the probability measure so that the rare
event becomes typical, which yields a simple estimate on the rate of decay. But there are
many ways to make the event typical and each comes with an associated cost. This cost is
precisely the relative entropy of the new “tilted’” measure with respect to the original

one. A lower cost gives a better estimate, and the minimal entropy cost over all choices
generally gives the correct rate of decay. The minimizer itself encodes how the rare event
typically occurs (when it actually does).

He also discussed the importance of the contraction principle. The basic idea is that large
deviations for the model’s statistics are already encoded in the large deviations for the
model itself, so more is gained by trying to compute the latter rather than the former. In
the coin tossing example this means finding the rate function for atypical sequences of
tosses rather than just for an atypical proportion. As an added benefit, it sometimes
happens that computing large deviations for the higher level object is easier than for the
lower level one.

Varadhan’s second talk focused on the application of these principles to interacting
particles systems, random walks in random environments, and stochastic Hamilton-
Jacobi-Bellman equations. In a model of interacting random walks one is led naturally
to study the motion of tagged particles. A nice model which has simple structure but
many of the complexities of real systems is the exclusion process. Here particles are
performing continuous time random walks, with the only interaction being that of
exclusion — hops to already occupied sites are simply not allowed. A further
simplification is to consider the case where the jump law is symmetric.

Now one scales space and time diffusively. The total density of particles will evolve on
the large scale according to the heat equation, with a bulk diffusivity given by the
variance of the jump law. At this level there is no sign of the interaction because the
particles are indistinguishable. The probability to see some other space-time profile is
given by a negative Sobolev norm of the extent to which that profile violates the heat
equation. On the other hand, in equilibrium, a tagged particle converges to a Brownian
motion with a different self-diffusion coefficient, because there are other particles in its
way, slowing it down. The reconciliation between the two diffusion coefficients comes
from seeing that in non-equilibrium the tagged particle is asymptotically a diffusion with
self-diffusion as its volatility but also with a special drift chosen so that a large collection
of such particles can satisfy the heat equation with the bulk diffusion coefficient.

Next one asks about the large deviation probability that the tagged particle looks like
some other process. It turns out that, to compute this probability, one should match this
process as closely as possible by an appropriate choice of a drift. Then the rate function



is a combination of the entropy cost and the cost of choosing this drift. The nice thing is
that once again, by going to an appropriately high level, entropy reemerges.

In his final talk, VVaradhan highlighted some recent joint work with Sourav Chatterjee on
large deviations for random graphs and random matrices. The most famous random
graph is the canonical Erdés-Renyi model: on n vertices, keep each edge of the complete
graph independently with probability p. Here p is to be fixed as n becomes large. Vertex
degrees thus grow like n and the random graph is said to be “dense.” (For comparison,
the analogue of the percolation phase transition — the emergence of the giant component —
occurs at p ~1/n.)

The typical behaviour of this graph is well-understood. One might ask about the number
of triangles, or more generally about various subgraph densities; there are in fact many
large deviations results for such statistics. Varadhan and Chatterjee develop a far-
reaching generalization that describes the large deviations of the graph itself. Besides
recovering results for all subgraph densities via contraction, they answer a deeper
question: “What does an Erdds-Renyi random graph look like when a rare event
happens?”

The key insight turns out to lie in choosing the right underlying space; the pioneering
work here is that of Lovasz and Szegedy on limits of dense graphs. One puts all the
graphs on the same space by encoding the adjacency matrix as an indicator function on
the unit square, constant in each block of the n x n grid. Typically, one has weak
convergence to the constant function p; the weak topology is unsatisfactory, however, as
subgraph densities are not continuous. The strong topology solves the latter problem but
lacks a law of large numbers and the necessary compactness. There is a “Goldilocks
topology” natural to the setting; called the cut topology; it has both the required
continuity and compactness. The latter is in fact a deep result of Lovasz and Szegedy
whose proof involves the Szemerédi’s regularity lemma. Szemerédi’s lemma is also
invoked to prove the large deviations principle.

A consequence is a fascinating double phase transition. If one observes an atypical
triangle count within a certain interval around the typical one, the random graph looks
like the usual one but with a modified p. Outside this interval, however, the graph does
not look like an Erdés-Renyi graph at all: with a much larger triangle density the graph
will look like a clique, while with a much smaller density it will look bipartite. These
configurations turn out to have entropy cost lower than that associated with simply

modifying p.

Varadhan concluded with an application of these ideas to more general random matrices.
In this context the natural questions are about spectral statistics: How likely are you to
observe eigenvalues very far away from their typical location as governed by the Wigner
semicircle law?

Tom Alberts (Toronto), Alex Bloemendal (Toronto), Jeremy Quastel (Toronto)

Distinguished Lecture Series: Avi Wigderson



September 14-16, 2011, Held at the Fields Institute

From September 14 to 16, for the Fall 2010 Thematic Program on Asymptotic Geometric
Analysis, the Institute was fortunate to have as Distinguished Lecturer Avi Wigderson, a
Professor of Mathematics at the Institute for Advanced Study in Princeton.

Wigderson is a widely recognized authority in the diverse and evolving field of
theoretical computer science. He has received the Rolf Nevanlinna Prize 1994, the Yoram
Ben-Porat Presidential Prize for Outstanding Researcher, the Conant Prize 2008, and the
Gadel Prize 2009. His research interests lie principally in complexity theory, algorithms,
randomness, and cryptography. In his series of lectures, he generously gave us an
overview on all topics mentioned here, with a strong emphasis on how they connect to
the fundamental notion of randomness.

In Wigderson’s first lecture, he reviewed the basic concepts of computational complexity.
He started with the important distinction between easy versus hard problems. A problem
is easy if it can be solved by an efficient algorithm, i.e., an algorithm that runs in
polynomial time (polytime). The class of all problems that can be solved in polytime is
denoted by P. A problem is hard if there is no polytime algorithm solving it. Consider the
3-colour problem, where we want to decide if a planar map is 3-colourable. Most
complexity theorists believe that 3-colour is hard since it is NP-complete. NP stands for
those problems solvable in nondeterministic polytime; a problem in NP is NP-complete if
we can efficiently reduce any NP problem to it. The famous P vs. NP question in
complexity theory can then be stated as: is the 3-colour problem (or any other NP-
complete problem) easy? Or informally, can creativity be automated?

He then discussed the power of randomness in saving time. He gave many interesting
examples (e.g., generating large primes, estimating the volume of a convex body) where
we have probabilistic polytime algorithms, but (still) no deterministic ones. Surprisingly,
recent progress suggests that randomness may not be as powerful as it seems. A
remarkable theorem by Impagliazzo and Wigderson shows that a reasonable assumption
about computationally difficult problems (i.e., a problem computable in exponential time
requiring exponential circuit size) would imply the existence of pseudorandom
distributions, which cannot be distinguished from the uniform distribution by efficient
algorithms, and thus can be used to derandomize any probabilistic polytime algorithms.
He concluded the first lecture by discussing other computational settings, primarily
probabilistic proof systems, where randomness is essential. He mentioned the PCP
theorem, a striking result by Arora, Lund, Motwani, Safra, Sudan and Szegedy in the
‘90s, showing that every proof of a statement in a formal system can be efficiently
converted into another proof in a special format that is verifiable with high probability by
a randomized verifier that inspects only letters of that proof. In a rather different
direction, instead of verifying a proof quickly, one can consider the prover’s desire of
having his or her proof verified without allowing the verifier to learn enough of the proof
to publish it first. Strikingly, this is also possible using zero-knowledge proofs (under a
plausible assumption, e.g., factoring integers is hard).



Wigderson’s second lecture introduced the world of modern cryptography. He
emphasized that the goals of modern cryptography are more than just secret
communications. We want to deal with many situations where there are requirements for
both privacy and resilience without trusted third parties, e.g., proving a person’s identity,
money transfer, public bids, playing poker on the phone, etc. It turns out that these goals
can be achieved based on two main assumptions. First, every agent participating in the
communication is computationally bounded (say, to polytime). Second, one-way
functions exist; a function is one-way if it can be easily computed on every input, but
hard to invert. He also formally defined the notion of computational indistinguishability,
and showed how it can be used to define cryptographic protocols and pseudorandom
distributions.

Before finishing the second lecture, Wigderson reviewed zero-knowledge proofs and
demonstrated how they work through an interesting experiment, where he played the role
of the prover, who wanted to convince the 